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It would almost appear redundant, in view of the numerous 
and careful determinations of the visibility of radiation, such as 
those of Ives,! Nutting,? and Coblentz and Emerson,’ to under- 
take a new investigation of this function. And yet a casual survey 
of the literature reveals striking differences among the results of 
the several investigators, and in the second place the old and much- 
mooted question of the reliability of the highly develoved method 
of flicker photometry in giving results consistent with the older 
and more commonly used method of direct comparison is apparently 
still unsettled. 

In connection with a new experimental investigation of the 
relative brightness of a black body as a function of its temperature, 
in which the measurements of brightness were made by the method 
of direct comparison, it was desired to compare the relative bright- 
nesses as determined experimentally against the corresponding 
relative values computed from the energy-curves as given by 
Planck’s equation and visibility data, after the method of Eisler.‘ 

t Phil. Mag. (6), 24, 149, 1912, and Phys. Rev., 6, 329, 1915. 

2 Trans. Illum. Eng. Soc. (U.S.), 9, 633, 1914, and 13, 108, 1918. 

3 Scientific Papers of the Bureau of Standards, No. 303; Bulletin of the Bureau 
of Standards, 14, 167, 1918. 


4 Elek. Zeit., 25, 188, 1904. 
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To this end it seemed advisable to undertake a new determination 
of the visibility-curve by the method of direct comparison and under 
experimental conditions which should be so chosen as to be com- 
parable with those involved in the measurements of brightness 
rather than to accept any of the published flicker values, or to 
impose upon the new determination any of the various specified 
conditions suggested by the flicker investigations but at variance 
with the conditions obtaining in the measurements of brightness 
of the black body, e.g., the restriction of the size of the field such 
as has become common practice in flicker photometry. 

It is not the intention in this paper to enter upon a historical 
discussion of the subject; for this the reader is referred to the 
papers of other investigators, notably to the recent extended mono- 
graph on the subject by Coblentz and Emerson. It is of great 
importance, however, for the present purpose to consider briefly the 
question of the relative merits of the method of flicker photometry 
and of the older method of direct comparison in equating illumina- 
tions of different color. 

It is a matter of opinion on what basis two illuminations of 
different color should be adjudged equal, and-yet it is probable that 
by consensus of opinion equality of brightness as given in an ordi- 
nary photometer would be selected as the criterion, granted, of 
course, that this judgment can be formed. Herein lies the whole 
difficulty, and because it was found that illuminations of gross 
difference in color could only approximately and with great diffi- 
culty be equated in intensity by the method of direct comparison, 
attention was turned to the flicker method, which permits of com- 
paratively easy measurements, even though individual peculiari- 
ties still exhibit themselves. And when it was thought to have 
been found that the visibility of radiation as determined by the 
flicker method was sensibly the same as that indicated by the less 
accurate method of direct comparison, exponents of the flicker 
method arose who wished to standardize this method as the accepted 
one for all heterochromatic measurements. 

The two questions which the authors wish to raise are: 
(1) whether the inaccuracies of the direct-comparison method 
in all ordinary practical problems of heterochromatic photometry 
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are so large as to demand the introduction of a new method; 
and (2) whether the findings of the new method, under the pre- 
scribed experimental conditions, are the same as those of the older 
and commonly accepted method within the errors of measurement. 

In answer to the first question the authors would refer to the 
paper by Middlekauff and Skogland' on “An Interlaboratory 
Photometric Comparison of Glass Screens and of Tungsten Lamps, 
Involving Color Differences.”” This paper reports the results of 
measurements made at several laboratories on the transmission 
of various blue-glass screens and on the relative candle-powers of 
several tungsten lamps each operated at a number of widely differ- 
ent voltages. The report shows that in the determination of the 
relative candle-powers of tungsten lamps at 72 volts and 132 volts, 
involving a color-difference of the order of magnitude of that exist- 
ing between an old-type 4 w.p.c. carbon lamp and a 0.85 w.p.c. 
vacuum tungsten lamp, three laboratories using the Lummer- 
Brodhun photometer obtained results agreeing among themselves 
within a maximum difference of less than 2 per cent. And, as 
will be pointed out later, at least a part of this difference is probably 
to be ascribed to the small number of observers at each laboratory 
and the consequent undue weight assigned to individual idiosyn- 
crasies of vision. If a determination involving so large a color- 
difference can be made by the older method with an error of 
probably less than 1 per cent from the mean, there would seem to be 
little need of introducing a new method, particularly if the founda- 
tion upon which it rests is insecure. In this same comparison a 
determination at another laboratory with the flicker photometer 
gave results markedly different from the results of direct compari- 
son, and a similar difference in the same direction and of even 
greater magnitude was indicated by the results of Crittenden and 
Richtmyer,’ again using the flicker photometer. 

The second question is partially answered in the discussion 
above. The results obtained in the intercomparison among the 


* Trans. Illum. Eng. Soc. (U.S.), 11, 164, 1916; Bulletin of the Bureau of Stand- 
ards, 13, 287, 1918. ; qi 


2 Scientific Papers of the Bureau of Standards, No. 299; Bulletin of the Bureau 
of Standards, 14, 87, 1918. 
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various laboratories and also the results of a comparative study by 
Crittenden and Richtmyer show that ratios given by the flicker 
photometer, under the prescribed conditions of size of field, etc., 
are distinctly different from those found by the more commonly 
used method of direct comparison. For the color-difference 
referred to in the preceding paragraph the largest deviation of 
any laboratory using the direct-comparison method from the 
mean value for the three laboratories was 1 per cent, and, as already 
stated, the deviations from the mean would probably be lessened 
if the readings of a larger number of observers in each laboratory 
should be taken. On the other hand, the values obtained with the 
flicker photometer in two different laboratories and with no stric- 
tures on account of the limited number of observers are, on the 
average, about 2.5 per cent different from the mean value found 
by the other method. The direction of the difference is such as 
to indicate that the less refrangible end of the spectrum is given 
relatively more weight in the flicker method, so that the rela- 
tive candle-power of a lamp at any temperature in terms of its 
candle-power at a lower temperature is found to be smaller than 
that obtained by the method of direct comparison. 

It is true that with the method of flicker photometry employed 
certain limitations with regard to size of field were prescribed 
which, it might be argued, account, at least in part, for the observed 
difference, but other data are available which would seem to vitiate 
this explanation as a complete one. Luckiesh' performed an experi- 
ment in which two fields, one red and the other blue-green, were 
compared by both the flicker and the direct-comparison methods, 
using the same apparatus. He found for his eye that the ratio 
blue-green to red was very much larger (50 to 100 per cent) with 
the direct-comparison method as compared with that obtained 
with the flicker method. 

The recent elaborate investigation by Coblentz and Emerson? 
on visibility also indicates relatively greater blue sensibility in the 
method of direct comparison, but strangely the results of Ives’ and 
of Coblentz and Emerson are at variance in one very important 
aspect. Whereas the data of Coblentz and Emerson show that the 


t Electrical World, 61, 620 and 835, 1913. 2 Loc. cit. 3 Loc. cit. 
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visibility-curve obtained with the method of direct comparison 
is somewhat broader and flatter than the corresponding curve 
obtained with the flicker method, the data of Ives point to the 
opposite conclusion—a result markedly indicated by the experi- 
mental data to be presented later in this paper. The importance 
of this difference lies in its effect on the resultant computed value 
for the mechanical equivalent of light, since a difference in the area 
of the visibility-curve affects directly the value of this important 
constant. 

In view of the foregoing considerations it would seem to the 
authors that somewhat different answers must be given to the two 
questions raised above from those which the advocates of the 
method of flicker photometry are urging. Whatever may be 
the uncertainties in determining the average visibility-curve by 
the method of direct comparison (a question on which the authors 
will later adduce evidence), there is mueh reason to believe that 
for those color-differences which are commonly encountered in 
practical photometry the method of direct comparison may be 
used with reasonable confidence. And secondly, the evidence 
available seems to show that the flicker method, as commonly 
employed, does not yield results consistent with those obtained 
by the older method, and that the differences between the two are 
sufficiently pronounced to manifest themselves both in the ordinary 
heterochromatic measurements of practical photometry and in the 
curves of visibility obtained by the two methods. 

Before describing the method and presenting the results of 
the present investigation the authors wish to point out that the 
dominant thought in the investigation was to reproduce in the 
determination of visibility the conditions obtaining in ordinary 
photometry and to pay no special attention to some of the minor 
conditions which might have been imposed as a result of the recent 
investigations on the subject. Thus no attempt was made to 
keep the illumination constant, and so the brightness at the ends 
of the spectrum was much lower than that in the more luminous 
regions. At o.5u the brightness of the Lummer-Brodhun cube 
Was approximately o.oo1 candles per cm’, at 0.56 it was 0.005 
candles per cm?, and at 0.65 it was 0.003 candles per cm’. These 
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brightnesses correspond approximately to illuminations of a per- 
fectly reflecting, perfectly diffusing surface of 30, 150, and 90 meter 
candles. Since an artificial pupil of o.6 mm? was employed, the 
illumination intensities of the retina would be somewhat smaller 
than those corresponding to the same objective brightnesses in 
practical photometry. It is seen that everywhere over the range 
of wave-length investigated the brightness was reasonably high 
and probably beyond that of the Purkinjé region except possibly 
at the extreme blue end of the spectrum. Moreover, the authors 
do not think the evidence at present available sufficient to justify 
the conclusion that the visibility-curve obtained under the condi- 
tions of equal brightness is to be preferred to that obtained under 
the normal conditions of a dispersed spectrum, granted the two are 
different. 


APPARATUS AND METHOD 


The distinguishing characteristics of the present investigation, 
apart from the employment of the method of direct comparison 
under conditions with respect to size of field, etc., obtaining in 
ordinary photometric practice, are to be found in the use of the 
step-by-step method and in the determination of the distribution 
of energy in the spectrum. The step-by-step method has been 
employed before, as in an experiment by Ives,’ but to the best 
of the authors’ knowledge this method has not been used in any 
extended investigation with a large number of observers. The 
steps were chosen so small (varying from 0.0052 in the red 
[A\=0.66u] to 0.0022 in the blue [A=o.5,]) that on the basis of 
Steindler’s? data the interval everywhere throughout the spec- 
trum would be less than that corresponding to the limen of hue- 
discrimination. It was subsequently found, when the apparatus 
had been constructed and the experiment begun, that the step 
was still too large to eliminate all hue-differences, though these 
differences were relatively small in magnitude. As it was, some 
fifty steps were required to span the range of spectrum studied, 
though the method of investigation was such as to avoid the neces- 
sity of actually making so many measurements. 


t Loc. cit. 2 Wiener Sitzungsberichte (Ila), 115, 1, 1906. 
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The evaluation of the spectral energy was founded on the 
determination of the color-temperature of the source. The color- 
temperature is the temperature of a black body having the same dis- 
tribution of energy in the visible spectrum as the source employed. 
By means of Planck’s equation the energy-distribution was ,com- 
puted and, allowing for dispersion and absorption by the optical 
system and for scattering, the relative energy entering the eye 
in the different parts of the spectrum was readily determined. In 
the opinion of the authors this method has much to commend it 
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Fic. 1.—Diagram of apparatus 


over the very difficult and uncertain method of attempting to 
measure directly the energy at the eye-slit. 

The apparatus employed (Fig. 1) consisted of a tungsten lamp 
D, whose broad, flat filament was focused by means of the projec- 
tion lens E on the slit A of a Lummer-Brodhun spectrophotometer, 
having the absorption strips removed from the Lummer-Brodhun 
prism so that the settings were made on the basis of equal bright- 
ness rather than on that of equal contrast. The comparison field 
was obtained from a second tungsten lamp F, the settings being 
made by means of the special variable rotating sectored disk C.* 
A low-power eyepiece B was employed in order to facilitate fixa- 
tion upon the diagonal surface of the Lummer-Brodhun cube where 
are located the two fields to be compared. 


t Astrophysical Journal, 35, 237, 1912. 
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The slit A was specially designed so that it could be moved 
sidewise a definite fixed amount, 0.15 mm, thus providing the 
means of securing a small shift of one spectrum with respect to the 
other. The amount of this shift, expressed in wave-lengths and 
differing slightly in magnitude from one part of the spectrum to 
another, was determined very carefully in several different ways. 

The test lamp D was operated at a color-temperature of 2045° K 
maintained constant throughout the experiments. It was so 
mounted that it could be moved with the slit. In this way the 
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Fic. 2.—Corrections for stray light and selective transmission of optical system. 
A, selective transmission of optical system; B, luminosity of stray light at wave- 
lengths shown, in percentage of total luminosity at the corresponding wave-lengths. 


same portion of the broad filament was always focused on the slit, 
and consequently there was no alteration in radiation passing 
through it. The width of the slit A was o.1 mm and that of the 
ocular slit o.2 mm, being thus so small as to produce an error of 
only a fraction of 1 per cent owing to the impurity of the spectrum.’ 
Of course it was necessary to allow for the dispersion of the prism 
in computing the energy-distribution at the eyepiece, and to cor- 
rect for stray light and for the selective absorption of the complete 
optical system. 

These corrections are shown in Fig. 2. The stray light was 
evaluated through the use of color-screens placed in front of the 
eyepiece slit, and was determined directly in units of luminosity 
rather than of energy. It is seen to be a relatively small correc- 


* Astrophysical Journal, 35, 237, 1912. 
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tion factor. The selective absorption of the optical system was 
obtained through the aid of a spectral pyrometer and was deter- 
mined in two different ways yielding consistent results. 

In carrying out the main experiment the method employed 
consisted in placing the slit A in its middle or normal position 
and varying the voltage of the comparison source F until the 
relative brightnesses of the two photometric fields were approxi- 
mately the same throughout the spectrum. Then a set of measure- 
ments was made of the relative brightnesses at eighteen different 
wave-lengths distributed at approximately equal wave-length 
intervals from 0.5 to 0.66y, the range of wave-lengths studied. 
Then the slit A was displaced laterally by the predetermined fixed 
amount and the same set of measurements repeated. If 

Lr 


R,= L. 


is the observed ratio of the luminosity (L’,) of the comparison field 
at the wave-length X to that (Z,) of the test field at the same 
wave-length (as determined by the first experiment), and 
R= * 
La+aa 
is the observed ratio of the luminosity (L’,) of the comparison 
field at the wave-length \ to that (Z,y+s,) of the test field at the 
wave-length A+AX (as determined by the second experiment, 
when the slit A has been shifted an amount corresponding to Ad), 


then the ratio 
Ty 


La+aa 


Ra 


of the two luminosities of the test field at the wave-lengths \ and 
A+And is seen to equal R,/R,, and so is determinable from the two 
sets of measurements. 

If now these experimentally determined values of R, at the 
eighteen points throughout the spectrum are plotted against the cor- 
responding wave-lengths, a curve may be drawn giving the value 
of R, for the interval AX for every wave-length. Then start- 
ing at one end of the spectrum and proceeding by successive 
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intervals Ad (differing slightly in different parts of the spectrum, 
as previously determined), the relative luminosity-curve of the 
test field for the observer making the measurements is computed 
by multiplying the observed ratio R,, corresponding to the interval 
A.A by the ratio Ry, corresponding to the next interval A,\, and this 
product in turn by R,, corresponding to the next interval, and so 
on until the other end of the spectrum has been reached, plotting 
the value of the product at each successive step as the relative 
luminosity of the test field at the corresponding wave-length. 

It is evident that since the number of these steps is determined 
by the magnitude of the displacement of the slit A this quantity 
must be known with accuracy. The uncertainty in the value of 
this quantity is so small as to produce a probable error in the final 
luminosity-curve of not more than 3 or 4 per cent, which is less 
than uncertainties arising from other sources. 

Each of twenty-nine observers, most of whom were experi- 
enced in photometric measurements, made at least two inde- 
pendent sets of determinations by this method, and the average of 
the several sets of any observer was taken as giving his luminosity- 
curve for the energy-distribution employed. Some observers ob- 
tained remarkably consistent results (within 3 or 4 per cent) in 
their independent sets of measurements, while others showed 
differences several times as large. 

The twenty-nine luminosity-curves thus obtained were then 
averaged, employing a method of averaging somewhat different 
from either of the two methods that have been used in other recent 
investigations. The luminosity-curves were all reduced to the 
same area and then the ordinates averaged at each wave-length, 
taken in steps of o.o1u. This method would seem, in the judg- 
ment of the authors, to have a better theoretical basis than that of 
averaging the ordinates of the individual visibility-curves reduced 
to the same area, or that of averaging the ordinates of the individual 
visibility-curves reduced so that the maximum ordinate of each is 
unity. 

The reason for the adoption of this method is as follows: The 
integral luminous flux from a source at any given color-temperature 
should be assumed to be the same for all observers, and the weight 
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assigned to the luminosity in any region of the spectrum for any 
observer should be determined on the basis of equal total luminous 
flux for that color-temperature. This weighting would of course 
be different for different energy-distributions corresponding to 
various color-temperatures of the source, but if some average 
temperature is taken the resultant average visibility-curves will be 
entirely correct for that temperature and only slightly in error 
for other temperatures, since the range of color-temperature en- 
countered in practical photometry is relatively small. Theoreti- 
cally it is preferable to choose as the standard color-temperature 
that of the carbon lamps adopted as the representative standards 
of luminous intensity, but since the color-temperature of the source 
employed in the present investigation is so nearly that of the stand- 
ard carbon lamps (2077° K), the results are practically the same 
as those which would have been obtained had correction been 
made to the latter. The color-temperature which we have taken 
is 2045° K, that of the test lamp D, or more accurately a slightly 
higher temperature corresponding to the actual distribution of 
energy at the ocular slit, which is slightly different from that of 
the source, owing to scattered light and selective absorption of the 
optical system. The same assumption probably underlies the 
method of averaging the individual visibility-curves reduced to 
the same area, but this corresponds to an equal energy-distribution 
throughout the spectrum and so lies entirely outside the range of 
experience. 

The method of reducing the various individual visibility-curves 
to the same value of maximum ordinate would seem to have no 
theoretical foundation and must be judged by its results. For the 
twenty-nine curves obtained in the present investigation it was 
found that this method of averaging yielded an average visibility- 
curve differing by many per cent at some wave-lengths from the 
curve obtained by the more rigorous method employed. As a 
matter of interest the observations of Coblentz and Emerson, who 
reduced the visibility-curves to equal maximum ordinates, were 
worked up by the more rigorous method, and the results showed an 
average visibility-curve sensibly the same as that derived by the 
other method. Coblentz and Emerson justified their method on 














76 EDWARD P. HYDE, W. E. FORSYTHE, AND F. E. CADY 


the ground of the large number of observers, and their conclusions 
were evidently warranted, but comparisons of individuals or of 
small groups taken from their one hundred and twenty-five ob- 
servers would be subject to possible error unless the more rigorous 
method of averaging were employed. 

EXPERIMENTAL RESULTS 

The relative visibility data for the twenty-nine individual 
observers are given in Table I. These data are reduced on the 
basis of equal areas of the luminosity-curves for the chosen color- 
temperature (approximately 2045°K). The relative average 
visibility data for the twenty-nine observers, obtained on this 
basis, and also the average values obtained on the basis of equal 
value (unity) for the maximum ordinate of each visibility-curve 
are included. The former are‘also given in Table II and Fig. 3, 
where for purposes of comparison the published results of the recent 
investigations of Ives, Nutting, Coblentz and Emerson, and Reeves,’ 
all obtained by the flicker method, are also included. With the 
exception of the data of Reeves,? which for some unknown reason 
differ largely from the other data obtained by the flicker method, 
it is seen that the visibility-curve given by the authors and obtained 
by the method of direct comparison is relatively narrower and 
more suppressed in the red end of the spectrum than the curves 
obtained with the flicker photometer. Nutting’s curve most 
nearly agrees with that of the authors, and if his original pub- 
lished data had been used instead of his modified data, based on a 
more recent determination of the energy-distribution in the spec- 
trum of his acetylene-flame source, the agreement would have 
been even better and well within the experimental errors. 

From Fig. 3 the wave-length of maximum visibility may be 
taken to be 0.556 uw in the present investigation as compared with 
0.557 u found by Coblentz and Emerson, but the authors feel that 

t Trans. Illum. Eng. Soc. (U.S.), 13, to1, 1918. 

2 The data of Reeves are reduced to the same basis of energy-distribution for the 
acetylene flame as that employed by Nutting in his final corrected values (kindly 
furnished by Dr. Nutting), since this acetylene-flame source was the same as that used 


by Nutting. The energy-distribution for this flame was determined by Coblentz and 
found to be the same as that published by Coblentz in his paper of 1916 on the subject. 
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this value is uncertain by 0.003 uw, owing to the limitations involved 
in drawing the curve. The question naturally arises whether the 
twenty-nine observers of the present investigation represent a 


TABLE I 


RELATIVE-VISIBILITY DATA FOR TWENTY-NINE OBSERVERS REDUCED TO EQUAL 
AREAS OF THE WAVE-LENGTH LUMINOSITY-CURVES FOR THE CHOSEN 
CoLor-TEMPERATURE (APPROXIMATELY 2045° K) 


RELATIVE-VISIBILITY DATA 


WAVE- a 

LENGTH 
E.P.H. | F.E.C. | RGB.) CFS. | LW. ML. | WW) WEF. | AGW. 
va 

0.50 316 230 393 242 324 413 237 193 132 
o.5! 526 417 641 406 502 642 418 353 236 
0.52 758 619 | 921 581 658 846 600 533 355 
©}. §3. gir 805 1143 722 787 1004 730 609 409 
0.54 O77 973 1315 830 907 1121 840 831 580 
0.55 975 1054 1341 870 972 1145 880 8890 651 
0.56 Q52 1085 | 1276 804 1004 1124 898 22 710 
0.57 8905 1030 1103 882 G80 1032 881 gos 741 
0.58 810 QI4 877 840 907 887 834 856 748 
0.59 705 760 652 7608 782 708 759 770 727 
0:60... 591 59060 | 4064 606 625 534 652 6590 678 
©.O8... 72 440 314 54! 407 384 528 531 007 
6.G¢:...] 366 318 207 407 331 265 3090 3909 514 
Oo. 64: .. 254 217 132 285 22 175 283 283 409 
0.64 1606 138 8o 181 143 108 185 184 |. 302 
o.05... 103 84 47 108 88 64 114 114 205 
a. 66... 57 40 | 25 57 5° 34 64 63 119 

RELATIVE-VISIBILITY DATA 
Wav 
LENGTH 
P.W.C. | W.W.K. C.N. PFS. E.J.E. | H.H.K. | G.H.M. H.O. N.L 
Me 

0.50. 225 407 435 407 297 306 324 488 242 
o.5!1 351 659 6070 623 473 O15 403 731 377 
0.52 478 Q22 866 $26 660 819 504 931 512 
0.53 597 1126 1021 093 814 981 706 1001 624 
0.54 712 1255 1134 1092 932 1105 808 1118 721 
©. $5. 784 1244 1137 1073 074 1128 852 1090 772 
0.56 843 1162 10860 1007 992 1093 880 1033 805 
0.57 856 1022 986 go9 961 1004 874 939 803 
0.58 822 857 854 803 877 877 835 828 774 
©. 50 750 681 704 6901 752 721 761 607 720 
0.60 660 514 550 568 607 558 647 553 643 
0.61.. 559 362 405 439 406 404 | 515 412 555 
©0.62...| 448 240 279 310 344 278 383 287 455 
o.63...1 33s 152 182 220 241 183 270 190 348 
0.64...| 226 89 109 138 156 112 177 115 247 
©.66... 143 51 62 83 97 66 III 607 104 
0.66.. 81 26 32 44 54 36 63 35 07 
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TABLE I—Continued 


RELATIVE-VISIBILITY DATA 








WAVE 

LENGTH \ 

(¢ 2 C.F.K. | L.L.M. | W.L.E. | E.T.F. | K.H.M. | A.F.B. L.A.V. G.B. 

Me 

©.50 206 471 324 366 22. 407 187 561 435 
0.51 304 708 526 560 378 610 208 757 5990 
©.52 532 936 729 727 553 808 428 O14 726 
0.53 654 1081 gIo 863 729 980 561 101! 844 
0.54 738 IIg2 | 1040 958 884 1093 604 1078 965 
0.55 772 1218 | 1056 978 956 1126 778 1063 1016 
0.56. 798 1196 1027 975 990 1127 851 1015 1032 
0.57. 799 1093 | 956 931 965 1055 881 930 994 
0.58. 774 033 | 857 840 892 QI7 862 825 goog 
0.59.. 72. 729 731 729 775 735 795 700 77° 
©.60. 640 523 591 591 637 550 689 561 606 
0.61 560 344 447 456 497 | 386 566 421 444 
O.88..« 450 212 319 337 3606 260 440 297 300 
o:63...| 347 12 217 238 254 169 322 197 202 
0.64 243 67 137 158 162 103 216 121 124 
0.65... 159 35 82 IOI 97. | 62 135 71 73 
©.66.... go 10 45 60 s 34 74 37 40 


| 
RELATIVE-VISIBILITY DATA 


Wave-Lencru 





Same in Terms of Average ona 
O.B. L.W.H. | Average | Maximum Taken Different Basis 
| as Unity (See Text) 
iv 

ae 424 206 328 328 322 
O.51.. trees 675 333 | «514 515 507 
fe ar 895 484 607 698 690 
MUCUS ioe Ge 4:69 1030 667 | 846 847 8390 
| eee IOQI 861 907 968 054 
0.55.. rye 1078 964 | 995 9906 902 
ee 1034 1007 994 995 995 
0.57.- tees 953 979 943 944 953 
MM gk oe dee 848 gol 854 855 868 
_ fe a 716 784 734 735 751 
og SESE Ore 568 645 | 599 600 617 
Sere eee 420 502 464 404 483 
| ee ee 291 370 341 341 358 
Seer 192 258 | 238 238 252 
errr 117 106 | 154 | 154 | 164 
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fairly average eye. It is possible through the medium of the 
results of the interlaboratory comparison of Middlekauff and 
Skogland, referred to previously, to compare the twenty-nine 
observers here with the one hundred and twenty-five observers 
employed in the investigation of Coblentz and Emerson. The 
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five observers of this laboratory who determined the ratio of candle- 
power of the tungsten lamps at 132 and 72 volts, respectively, 
were all included in the present investigation, and computations 
show that for the foregoing candle-power ratio (i.e., for the cor- 
responding color-difference) the twenty-nine observers would 
obtain a ratio 0.5 per cent less than that obtained by the five 


TABLE II 


COMPARATIVE RELATIVE-VISIBILITY DATA OF VARIOUS INVESTIGATORS 


RELATIVE-VISIBILITY DATA 





Wave-LENGTH Hyde eas Cone 

—— Reoew Nutting Snamen Reeves 
ady 
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eee 0.328 0.318 0.314 0.316 0.275 
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52 6908 037 .640 .710 6386 
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observers. Similarly, taking the observers at the Bureau of 
Standards who participated in both investigations, computations 
show that the one hundred and twenty-five observers would obtain 
a ratio possibly o.2 or 0.3 per cent greater than that obtained by 
the eight observers who were employed in the measurements of 
Middlekauff and Skogland. Since, according to the report of 
this interlaboratory comparison, Nela Research Laboratory ob- 
tained a ratio 1.9 per cent greater than that obtained at the Bureau, 
it would follow that the twenty-nine observers here would have 
obtained a ratio only 1.2 or 1.1 per cent greater than the one 
hundred and twenty-five observers used in the investigation of 
Coblentz and Emerson. 
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This difference is so small, considering the unsatisfactory way 
in which the comparison was carried out, that it would be unsafe to 
draw any conclusion except that, so far as can be ascertained, the 
twenty-nine observers employed in the present investigation do 
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Fic. 3.—Relative average visibility data obtained.in present investigation by the 
direct-comparison method as compared with published data of other investigators 
using the method of flicker photometry. 


not differ materially in the average from the one hundred and 
twenty-five observers used in the investigation of Coblentz and 
Emerson. The comparison would seem to indicate, however, as 
intimated in an earlier paragraph, that the differences found by 
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Middlekauff and Skogland among the various laboratories would 
probably have been somewhat smaller had a larger number of 
observers been employed in each laboratory. 

The significance of the difference*between the visibility-curve 
obtained in the present investigation using the method of direct 
comparison and those obtained with the flicker method lies to some 
extent in the greater consistency of the resuits following the appli- 
cation of the former in computing relative candle-powers of a source 
at two widely different temperatures, but in large part in the dis- 
tinctly smaller value of the mechanical equivalent of light which 
results from the use of the curve obtained by the method of direct 
comparison. As will be presented in a subsequent paper, the 
experimental values for the brightness of a black body at different 
temperatures are slightly more concordant with the computed 
values if the visibility-curve obtained here is used than with the 
results computed on the basis of the flicker-photometer visibility- 
curve, the latter giving relatively too much weight to the red end 
of the spectrum. And consequently the values of the mechanical 
equivalent of light computed from the brightnesses of the black 
body at different temperatures will agree among themselves if the 
visibility-curve obtained by the direct-comparison method is 
assumed, whereas this will not otherwise be true. These data will 
also be presented in the subsequent paper on the subject. 

The considerations and data presented in this paper argue for 
the adherence to the older method of direct-comparison photom- 
etry in all ordinary practical work. As a means of avoiding the 
necessary difficulties in heterochromatic photometry in practice 
the authors refer to the proposal made years ago’ that suitable 
color-screens be calibrated at the Bureau of Standards and dis- 
tributed for use in photometric laboratories, so that comparisons 
involving large differences in color may be avoided in all except 
standardizing laboratories. It is true, however, that the results 
obtained with the flicker photometer are more consistent even over 
the comparatively small color intervals encountered in practical 
photometry, and the conditions of use have been thoroughly 
standardized, so that this instrument may find valuable application, 


' Electrical World, 54, 195, 1900. 
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particularly in a standardizing laboratory. But in the opinion of 
the authors the flicker scale should not supplant that of direct com- 
parison, and consequently the visibility-curve obtained by the 
direct-comparison method should be used in computing luminosity- 
curves and relative candle-powers. Especially should the visibility- 
curve obtained by the method of direct comparison be used in the 
computation of the mechanical equivalent of light, in which its 
difference from that obtained by the flicker method is shown in 
the most pronounced way. 


SUMMARY 


1. In ordinary photometric comparisons involving difference of 
color the older method of direct comparison is adequate if a suffi- 
cient number of observers is employed to secure a fairly average eye. 

2. The relative candle-power values found for sources of differ- 
ent color by the use of the flicker photometer are appreciably 
different from those obtained by the method of direct comparison. 
The flicker photometer apparently assigns too much weight to the 
red end of the spectrum. 

3. The average curve of relative visibility for twenty-nine 
observers obtained by direct comparison, using a step-by-step 
method, is presented. Special attention is called to the method 
employed for determining the distribution of energy at the ocular 
slit. 

4. The curve of relative visibility obtained by the method of 
direct comparison is found to be definitely different from that 
obtained by other investigators using the flicker method. The 
latter is somewhat broader and shows relatively too large values 
in the red end of the spectrum. Evidence will be presented in a 
subsequent paper to show the consistency between the newly 
determined visibility-curve and the findings of ordinary photom- 
etry in the case of the brightness of a black body at different tem- 
peratures. 

5. Recommendation is made of the adherence to the older 
photometric method of direct comparison in practical photom- 
etry, and of the use of calibrated color-filters to simplify compari- 
sons otherwise involving large difference in color. 
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APPENDIX I 


In connection with the determination of the effective wave- 
length of transmission of so-called monochromatic red-glass screens 
used with optical pyrometers two of the present authors’ some time 
ago described a determination of the relative visibility of radiation 
in the less refrangible end of the spectrum, using an adapted 
form of a spectral pyrometer. Owing to the large field-brightness 
obtainable with the pyrometer it was possible to carry the measure- 
ments farther into the red than had been possible before. More- 
over, since the application of the data was to be made under 
conditions quite similar to those obtaining in their determination, 
it seemed unnecessary to enter into any elaborate discussion of 
these conditions or to question their applicability. 

Subsequently L. W. Hartman,’ working in this laboratory, 
employed the same method to extend the relative visibility data 
on the side of short wave-lengths, and incidentally again to furnish 
values which might be used in computing the effective wave-length 
of blue pyrometer glasses. 

It therefore seemed advisable to one of the authors, in connec- 
tion with the present investigation as presented in the body of 
this paper, to carry out a series of determinations of relative 
visibility with the pyrometer method through the central region 
of the visible spectrum, thus connecting the previously published 
data for the red and blue ends of the spectrum. A brief report 
of the results obtained is presented in this Appendix. 

The method employed is identical with that already described 
in the earlier papers on the subject, except that an unsaturated 
green-glass screen in front of the eyepiece was used throughout in 
order to reduce the large differences in color and make more con- 
sistent settings possible. The transmission-curve for this screen, 
plotted in Fig. 4, shows a considerable transmission of light through- 
out the entire spectral region studied. 

In this supplementary investigation, as in the principal one, 
the method of direct comparison was used, and the determination 
of the distribution of energy at the eyepiece was carried out in the 


t Astrophysical Journal, 42, 285, 1915. 2 Thid., 47, 83, 1918. 
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same way. But in some important aspects the conditions in the 
two experiments were quite different. Thus the brightness in 
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Fic. 4.—Selective transmission of green glass employed in eyepiece of spectral 
pyrometer. 
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the different spectral regions was always the same in the pyrom- 
eter experiments (0.024 candles per cm’), and the measurements 
were made throughout against a constant greenish comparison 
field. Moreover, the size of the field was much smaller, though 
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Fic. 5.—Relative average visibility data obtained by the use of a spectral 
pyrometer as compared with those obtained in the principal investigation in which 
the conditions, such as method employed, size of field, etc., were different. 


the comparison field (pyrometer filament) was not so small as that 
employed in the earlier investigations of the extreme red and blue 
regions. The collimator slit was o.3 mm,-and the ocular slit was 
o.12mm. Corrections for slit-width were computed and found to 
be negligibly small. 
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Ten observers were employed, taken at random from among 
the twenty-nine used in the principal investigation, and each 
observer (with one or two exceptions) made at least two independ- 
ent sets of measurements. ‘The results, in comparison with those 
presented in the main body of the paper, are shown in Table III 
and Fig. 5. It is seen that the curve is somewhat flatter near the 
center and drops off more rapidly toward the two ends of the 
spectrum. The previously found visibility data in the red and 
blue ends of the spectrum, made by the same method, fit nicely 
on to the ends of this curve. The previously obtained data in the 
blue fit equally well on to the curve presented in the main body 
of this paper, but the data for the red end cannot be made to fit 
with any accuracy. 

This curve agrees more closely with that found in the principal 
investigation than does any one of the curves obtained with the 
flicker method, and relative candle-powers of a black body at 
different temperatures computed on its assumption are reasonably 
satisfactory. Moreover, it conduces to approximately the same 
value of the mechanical equivalent of light as that calculated from 
the other curve. But owing to the inherent difficulties encountered 
in applying the pyrometer method in the middle region of the spec- 
trum, to the difference between the conditions of the experiment 
and those of ordinary practice, and finally to the more limited 
number of observers, the authors do not attach as much weight 
to the results as to those presented in the body of the paper, par- 
ticularly for application to cases of ordinary practical photometry. 


APPENDIX II 


The investigation described in the body of the present paper 
yielded a curve of relative visibility obtained by the method of 
direct comparison and extending from 0.504 to 0.664. A knowl- 
edge of the curve over this interval is sufficient to compute relative 
candle-powers of a black body over a moderate range of tempera- 
ture, such as from 1700° K to 2500° K, with errors amounting to 
only a few tenths of 1 per cent on account of the omission of the 
ends of the curve in the red and blue. If larger ranges of tempera- 
ture are employed, the errors arising from this omission may be 
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appreciable, and at any temperature the application of the visi- 
bility data in computing the mechanical equivalent of light will 
conduce to erroneous values if the luminosities of the two ends of 
the spectrum are neglected. Finally there are problems, such as 
the determination of the effective wave-length of transmission of 
red- and blue-glass screens for use in optical pyrometry, in which a 
knowledge of the visibility data for the ends of the spectrum is 
necessary. 
TABLE IV 


RELATIVE-VISIBILITY DATA FOR ENTIRE SPECTRUM 


(As recommended by authors) 
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t Average of 20 observers. 


It therefore appeared to the authors desirable to submit data 
on relative visibility covering practically the entire visible spectrum. 
The most probable values in the opinion of the authors are con- 
tained in Table IV. 

These values from o.50u to 0.64m are precisely the same as 
those given in the body of the paper. For the red end are chosen 
the published data of Hyde and Forsythe’ brought into agreement 
with the central region of the curve at 0.64u. This necessitated 
a slight change of the values at 0.65 and at 0.66 as found in the 
present investigation. For the blue end the published data of 


1 Loc. cit. 
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Hartman’ are chosen as the best. The reasons for choosing these 
data for the red and blue ends are as iollows: 

1. They were obtained by a direct-comparison rather than by 
a flicker method, even though the size of the field of view was much 
smaller than that employed in the investigation of the middle of 
the spectrum described in the present paper. 

2. They were obtained under favorable conditions as to bright- 
ness, and are probably more free from errors due to scattered light 
and slit-width corrections than other published data. 

3. They are more definitely applicable in computing the trans- 
mitted luminosity of optical pyrometer screens, for which they 
will probably find their largest application, since they were obtained 
under the conditions which are found in optical pyrometry. 

4. They will serve as well as any other values in computing 
integral luminosities or the mechanical equivalent of light, since 
large differences in the accepted visibility data in these extreme 
regions of the visible spectrum produce negligibly small errors. 

NELA RESEARCH LABORATORY 
NATIONAL LAMP WorkKS OF GENERAL ELECTRIC COMPANY 


NELA ParK, CLEVELAND, OHIO 
May 1918 


t Loc. cit. 











STUDIES BASED ON THE COLORS AND MAGNITUDES 
IN STELLAR CLUSTERS' 
SIXTH PAPER: ON THE DETERMINATION OF THE DISTANCES 
OF GLOBULAR CLUSTERS 
By HARLOW SHAPLEY 
I. INTRODUCTION AND SYNOPSIS 


The derivation of parallaxes for globular clusters will contribute 
to several problems of general astrophysical interest. Through the 
introduction of a linear scale we may expect to learn much of the 
actual dimensions of these stellar groups, and of the relation to dis- 
tance from their centers, of the luminosity, mass, spectrum, and 
star density, and, eventually, of the internal motions. Since we 
may also be able to estimate at least a lower limit for the total mass 
involved in each group, the opportunity is promising for a contribu- 
tion to the rather meager supply of observed facts for studies in 
stellar dynamics. Further, a knowledge of the distances of these 
widely distributed systems, and of the highly luminous variable 
stars for which parallaxes will be obtained in the course of the same 
research, will add to our conception of the dimensions of the visible 
stellar universe. These problems are of enough importance to 
justify a considerable effort in the study of the distances of globular 
clusters and their distribution in space. As direct measurement 
of cluster parallaxes is out of the question, the procedure must be 
by other methods, such as those involving proper motions and 
luminosity correlations. 

The range in the absolute brightness of stars in many globular 
clusters is now known to exceed ten magnitudes, and we have as 
yet no reason to believe that the dispersion of luminosity in any of 
the typical globular clusters is not strictly comparable with the 
known dispersion in the general galactic system. Our ordinary 
investigations of cluster magnitudes, therefore, involve many stars 
of relatively great luminosity. Among these very brightest stars 

" Contributions from the Mount Wilson Solar Observatory, No. 151. 
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‘reddish Cepheid variables of long period frequently appear, while 
among the stars two or three magnitudes fainter is found the typical 
cluster-type variable—a Cepheid with a first-type spectrum and 
a period less than a day. 

For some years we have known that the longer-period Cepheids 
in the galactic system are also giant stars, and a casual examination 
of their motions indicates a fairly small dispersion in actual lumi- 
nosity. The possibility is at once suggested, therefore, of utilizing 
the motions of galactic Cepheids to obtain a mean value of the 
absolute magnitude of such stars, which, when compared with 
observed magnitudes of analogous objects in globular clusters, per- 
mits an estimate of the distances of the clusters themselves. One 
obvious advantage of operating with a group of giant stars is that 
in many of the most distant clusters only the stars of highest lumi- 
nosity are within reach of our greatest telescopic power. It is also 
clearly of prime importance in problems of this nature, which 
involve faint stars and great distances, to have reliable systems 
of magnitudes established and to be able to ignore with safety the 
general scattering of light in space. 

The methods and results of the investigation of cluster parallax 
will be discussed in Papers VI to XII, inclusive, of the series of 
studies of magnitudes in clusters. The present discussion begins 
with the derivation of a mean absolute magnitude for the isolated 
Cepheids whose motions are well determined, and then considers 
the remarkable relation between the period of variation and the 
total light-emission of such stars. Examples of this interesting 
correlation, which may perhaps be considered a fundamental 
law in Cepheid variation, are found among the variables in no less 
than six different stellar organizations as well as among the galactic 
Cepheids. Combined with the very homogeneous and accordant 
data derived from motions, it permits the deduction of absolute 
magnitudes, and hence of absolute distances, with a surprisingly 
small computed probable error. In fact, unless some intrinsic weak- 
ness in the procedure or some overlooked alternative is found, 
we may believe that the distances of the Cepheid variables, and of 
the extremely remote globular clusters in which Cepheid variables 
have been studied, can be determined with a percentage accuracy 
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rarely excelled and usually unequaled by direct measures of the 
nearest stars. 

Now it happens that in many globular clusters no variable 
stars are as yet known; in others the Cepheids similar in period to 
those for which motions are known in the galactic system are of 
rare occurrence compared with the typical cluster-type Cepheid 
with period less than a day. We find, however, that the median 
magnitude of the typical cluster-type variable shows such an ex- 
tremely small dispersion in a given cluster that a constant value can 
be assumed; and when we adopt the reasonable and important 
hypothesis that the equality of the total light-emission is universal 
for such variables, the corresponding absolute median magnitude 
can be accurately derived from the analysis of the motions, magni- 
tudes, and periods of the longer-period Cepheids. The determina- 
tion of the parallaxes of certain clusters then becomes a by-product 
of the study of their typical variable stars. 

A further step correlates this median magnitude with the 
magnitude of the brightest stars in a cluster. A means is thus 
afforded of computing distances of all the clusters (whether or not 
they contain known variables) for which apparent photographic 
magnitudes of the brightest stars are measured. Finally, we find 
from the results derived by the processes outlined above that the 
parallax of a clusteris very definitely related to its angular diame- 
ter, and this yields a method of obtaining from already available 
photographs the distances of all globular clusters so far discovered. 

In the second article (the seventh paper of the general series) the 
individual distances of globular clusters are derived; their highly 
significant distribution in space is also discussed, and some compu- 
tations made of the linear dimensions, of the concentration of stars, 
and, provisionally, of the total masses in cluster systems. 

The parallaxes and co-ordinates in space of all Cepheid variables, 
for which magnitudes and periods are known, appear in the eighth 
paper. The chief uncertainty in the results is due to the lack of 
accuracy and homogeneity in published values of magnitudes. For 
the isolated cluster-type variables accurate values of the period are 
not essential in deriving distances, as the dispersion in absolute 
magnitude is small for periods less than a day. 
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The next paper contains three notes on certain theoretical and 
observational aspects of Cepheid variation. An interpretation is 
offered for some of the results obtained in studying the distances of 
clusters and variables, the relation of color to period is examined 
observationally for cluster-type variables, and a composite color- 
curve is derived for more than a hundred variable stars. 

An inquiry into some problems of the frequency of stellar lumi- 
nosities appears in the tenth paper. The magnitudes of several 
thousand cluster stars have been measured for this discussion. 
Some light is thrown on the meaning of the median magnitude of 
variables, and the propriety of its use for parallax work, rather than 
the use of maximum or minimum, is established. 

The eleventh paper treats briefly of the.distances and distribu- 
tion in space of various objects and classes of objects. The data 
derived from clusters and variables is supplemented by the results 
of other investigators for different types and groups of stars. 

The last article, summarizing the facts and indications of the 
preceding papers, contains a preliminary attempt to discern the 
general plan of the sidereal system. The arrangement proposed 
has its principal justification in that it appears to be a simple 
interpretation of the new data and at the same time does not seem 
to be inconsistent with previous observational results bearing on 
the structure of the universe. 

In the accumulation of the observational material for these 
studies much credit is due Miss Davis for the measurement of large 
numbers of stars in many difficult cluster fields. She has also 
assisted throughout in the reduction and discussion of the observa- 
tions. Mrs. Shapley has collaborated in the treatment of most of 
the problems and, in particular, is responsible for large parts of the 
tenth and twelfth papers. Valuable assistance in the preparation 
of the papers for the press has been given by Miss Connor. Mr. 
Pease has freely permitted the use of his long-exposure cluster 
photographs. Data relative to parallaxes have been kindly fur- 
nished by Mr. van Maanen and relative to spectroscopic results by 
Mr. Adams. Special acknowledgment is due Mr. Seares for many 
valuable suggestions and criticisms and for painstaking editorial 
supervision of the whole series of cluster papers. 
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Il. THE MEAN ABSOLUTE MAGNITUDE OF CEPHEID VARIABLES 


Hertzsprung' and Russell? have computed the mean absolute 
magnitude of Cepheid variables from the proper motions given in 
the Preliminary General Catalogue of Boss, and the former has 
published his work in some detail. With a few corrections to’ the 
observational data the computations are now repeated and some- 
what extended. The material is not extensive, and its sufficiency 
for this problem might well be questioned if it were not for the 
fortunate circumstances that the data are complete for each star and 
in most respects homogeneous; that no evidence of preferential 
motion is found; and that the peculiar motions of such stars, without 
exception, are small compared with their parallactic drifts. Hertz- 
sprung tabulates 13 stars, but two of them are not typical Cepheid 
variables and have been excluded; no others have sufficiently 
accurate proper motions to be added to the list.5 

Table I contains observational data relative to the group of 
11 Cepheids. With the exception of Polaris, all are near the 


* Astronomische Nachrichten, 196, 201, 1913; see also Zeitschrift fiir wissenschaft- 
liche Photographie, 5, 94, 107, 1907. 

2 Science, N.S., 37, 651, 1913. 

3 See n. 1, p. 103. 

4 Both the period and light-curve of « Pavonis are subject to considerable per- 
turbation according to Gould (Uranometria Argentina, p. 244, 1879), and Roberts also 
notes the star as an exception to ordinary Cepheid variation. The light-variation of / 
Carinae is peculiar; ‘‘an irregular and ill-defined secondary maximum has frequently 
been observed”’ (Roberts, Astronomical Journal, 21, 89, 1901). Albrecht has just 
reported a variation in the spectrum of / Carinae from F8 to Gs (Popular Astronomy, 
25, 519, 1917), and it may be the star is not so abnormal as was believed when the 
computations for this paper were made. 

The typical Cepheid characteristics of the eleven stars used are attested not 
only by their light-curves, but also in every case by spectroscopic study. We have 
no velocity-curves for / Carinae and « Pavonis. The inclusion of both in the discus- 
sion would change the final result by less than its probable error. Including « Pavonis 
would greatly decrease the certainty of the computed absolute magnitudes, though 
not altering them seriously, while the inclusion of / Carinae alone would make no 
appreciable difference in either the result or its probable error. 

5 The values given by Perrine in Astrophysical Journal, 41, 308, 1915, for Y 
Ophiuchi and SZ Tauri are too uncertain for the present work. The proper motion of 
RR Lyrae, period 13.5 hours, is rightly excluded; see the eighth paper of this series, 
“The Luminosities and Distances of 139 Cepheid Variables,” Mt. Wilson Contr., 
No. 153, 1917. 











L+++ | 


mMOoOnrnrnnrD tHw 
_ 


= 





z4)-OJ 
In)-Oy 
fy-tyJ 
S)-8V 
by 
z*)-8V 
Sy)-14 


1n-Ly 
SA-8V 
SA 








— 


ire) 
mOoOnmnmonmnd e 
mwutsttonrTunds 


| 
wre t+ 


1O HO MMR HHL 
AatN H)twHeHK tots 


wmtoHA a + 
MNntA HH 


Me Mt th HH 


N 

=“ O 

e 

~oOnr 

Nn ~~ = 
++++ | 
corn mo 
es: 

“ AN 


SLIOUTPY oRSIQ) D 


° 





HARLOW SHAPLEY 


WABLOAdS 





apnyyey apnyisuo’y 
0061 “Ioaqd | COOl ‘yy 


**Log$ 
“oles 
‘*tLo$ 
“efor 
“bose 
'* SOby 
'*S1gt 
'*OzgI 
‘LEQ 
- Sst 


‘ON 
ssog 





+ 
oO 


SdIaHdaD NAAATY wo 


TIVIAALVJY TVNOLLVANASEO 














COLORS AND MAGNITUDES IN STELLAR CLUSTERS — 95 


galactic plane; their distribution in galactic longitude is satis- 
factory. The median visual magnitudes differ in some instances 
from those used by Hertzsprung; the spectral types, taken mainly 
from Contribution No. 124,’ are known to be variable for all but 
two of the stars. The proper motions have been reduced to, the 
parallactic system of co-ordinates, v being counted positive in the 
direction of the antapex. Without further reduction the paral- 
lactic motion is conspicuously evident, the unweighted algebraic 
means being 
t=+07002| 
v=+o"o16| (1) 

All values of uv are positive. The distances from the apex of the 
solar motion, A, are very favorable for the weight of the solution. 

Curves of velocity-variation have been determined for all of 
these stars, mainly at the Lick Observatory. Seven of the values of 
V, the observed radial velocity of the center of mass, are taken from 
Duncan’s compilation in Lick Observatory Bulletin, No. 151. The 
value for a Ursae Minoris, computed by Miss Hobe, has been given 
by Campbell,? and those for X Sagittarii® and 6 Cephei* were com- 
puted by Moore. The value for SU Cassiopeiae is obtained from 
an unpublished discussion by Adams and Shapley of the variations 
in light, velocity, and spectral type.5 

Some of the steps in the reduction appear in Table II. To 
eliminate possible effects of the dispersion in distance the proper 
motions were reduced to the common apparent magnitude +5, 
which is very near the mean apparent median magnitude of the 
variables, +4.8. The weights of the individual values of the 
reduced parallactic motion, v;/sin A, were determined in the manner 
suggested and used by Hertzsprung.° They depend on the dis- 
tribution of velocities for this type of star, on the probable errors 


* Astrophysical Journal, 44, 273, 1916. 3 [bid., 5, 111, 1900. 
2 Lick Observatory Bulletin, 6, 19, 1910. 4 Ibid., 7, 153, 1913. 


5 Mt. Wilson Contr., No. 145, 1917. Note added to proof, April, 1918: The source 
of the visual magnitude 6.23 is Harvard Annals, 50, and not the Preliminary General 
Catalogue, as erroneously printed (Astrophysical Journal, 47, 50, 1918). 


© Astronomische Nachrichten, 196, 203, 1913. 
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given by Boss for the individual proper motions, and on the dis- 
tances from the solar apex. The weighted mean value and its 


probable error are 
Vv 


—* = +0"0161+070016. (2) 
sinA 
It is of interest to compare this value with (1). The corresponding 
value derived by Hertzsprung, if we reduce his result to the same 
apparent magnitude, is 
"5 = 40"0146+0"0022 
sinA : P 
from which he derived for the mean parallax of a Cepheid of the 
fifth apparent magnitude 


ps = 070035 *0*00054, 


and for the mean absolute magnitude, corresponding to the mean 


period of 6.6 days, 
M = —2.3+0.35. 


The larger probable error of his value of v;/sin\ is attributable 
mostly to the inclusion of the highly discordant « Pavonis. 


TABLE II 
SOLUTION FOR MEAN PARALLAX 





| 
| 

OBSERVED : 
Boss s RELATIVE | sprees RESIDUAL | Ve on >. - 
| | 


No. SINA pane 
| 
| 
| 
| 





uv, 
Us s 


Ts | Us 





— 4*™ 070128 





325.. +0%004 Preges +o%o13 





99 Foes |—0.003 





637.. +0.012 0.021 |+0.022 48 +0.016 |+0.005 | — 2 22 
1629...—0.005 |+0.028 !+0.032 61 +0.014 |+0.014 | +12 | 30 
1815. .|—0.001 '+0.006 +0.007 83 +0.013 |—0.007 | — 6 54 
4493. .|— 0.003 -+0.020 +0.023 80 |+0.014 |+0.006 | — 4 39 
4564. .|-+0.008 +o.o11 +0.013 69 +0.014 |—0.003 | —18 39 
4632. .|+0.009 | +0.017 +0.022/ 12 +0.012 |+0.005 | +18 24 
5071..j/+0.001 |+0.008 +0.013 48 +0.010 |—0.002 | + 2 52 
5098. .};—0.001 |+0.006 +0.012 16 +0.008 |—0.002 | + 6 24 
5370..|—0.016 |+0.014 +0.024 | If (+0.009 |+0.005 | +16 24 
5807. .|+0.002 |+0.008 +0.010 | 79 +0.013 Zee — 4 0.0050 





With the value of the sun’s velocity adopted by Hertzsprung, 20 
km/sec., equation (2) gives p; =0"%00386 and M = —2.06; but later 
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determinations from radial motions point to a higher velocity of 
the sun. We have the following recent values, based on a greater 
proportion of giant stars than were included in the early determina- 
tions and therefore probably more reliable because of smaller 
peculiar velocities: 


km/sec. Mean Error 


Charlier," 156 B-type stars (mag.<5.0), Va =21.26 

Gyllenberg,? 284 B-type stars =22.06+0.91 
Gyllenberg, 291 A-type stars =19.77#1.45 
Strémberg,3 1400 F, G, K, M, giant stars - =21.48+1.02 


Adopting Vo =21.5 km/sec., 


v 
p sind ~4°535 


ps = 0700354 0700035 (3) 


and the absolute magnitude, corresponding to the mean period 
of 5.96 days, is 
M = —2.26+0.22. 


Computing for each star that part of the v-component.due 
to parallactic motion, o’0161 sin, and subtracting these values 
in the sixth column of Table II from the observed values of v, in 
the third column, we obtain in the seventh column values for the 
peculiar velocity parallel to the direction of the sun’s motion. The 
values of 7; and of “residual v,’’ are in satisfactory agreement.‘ 
Their mean values, without regard to sign, are 


T; =0"0056+0" 0010. 
Residual v; =0 .0052+0.0007. 


* Meddelande frin Lunds Astronomiska Observatorium, Serie II, No. 14, 1916. 

2 Ibid., No. 13, 1915. 3 Mt. Wilson Contr., No. 144, 1917. 

4 A considerable part of the agreement is a necessary consequence of the magnitude 
of the observational errors relative to those of the proper motions. The average prob- 
able error for the annual motion in one direction is about +o’004. As the peculiar 
motions are not greatly in excess of the errors of observation, possibly less weight 
should have been given to (6) in obtaining the final value (7). The difference between 
(3) and (7), however, is less than half the probable error of either. 
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Combining all twenty-two values, with half weight for the residual 
v;= components because one constant has been derived from them, 
we obtain the mean value for the peculiar proper motion in one 
direction 

bs =0"0055+0"00064, (4) 


a value about one-third that of the derived parallactic motion. 
The observed radial velocities corrected for the sun’s motion’ 
are given in the eighth column of Table II. Their arithmetical 


mean value is 
V.=8.35+1.29 km/sec. (5) 


and we derive from (4) and (5) an independent value of the mean 
parallax 

p= 4 TIES = 00031 + 070005. (6) 
Probably the very close agreement of (3) and (6) is partly chance. 
If in the place of (5) we use a value based upon all known radial 
velocities of Cepheids, we add to the eleven values in Table II 
nine others, most of which are only rough estimates,? and obtain 
V.=9.58 km/sec., p;=0"%0027. 

Giving double weight to (3), or, what amounts to the same, 
combining (3) and (6) with regard to their probable errors, we 
obtain the final values: 

p; =0"0034 + 0%00030) 


M=-—2.35+0.19 (7) 


The probable errors of the foregoing mean values include the errors 
in the observed proper motions and radial velocities and some 
uncertainties of reduction; but they do not include the errors 


* The value 21 km/sec. was used for the sun’s velocity in this computation, but 
no difference in the mean value would result from using 21.5 km/sec. 

2 The additional stars are SU Cygni, Y Ophiuchi, SZ Tauri, T Monocerotis, and 
five southern Cepheids for which very approximate velocities have been estimated 
recently by Paddock from a few plates of each (Lick Observatory Bulletins, 9, 68, 1917). 
The value for T Monocerotis is a little more than a guess (Astrophysical Journal, 23, 
266, 1906). The velocity-curve of SZ Tauri is by Haynes (Lick Observatory Bulletins, 
8, 85, 1914), and for the others Duncan’s table furnishes information. 
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(relatively much less important in the derivation of M) in the 
apparent magnitudes and the velocity of the sun, nor the uncer- 
tainty arising from any systematic motion or drift of the Cepheids 
as a group. 

From the value (7) and the apparent median magnitudes in the 
seventh column of Table I, the individual parallaxes have been 
derived and entered in the last column of Table II. The probable 
error of each value depends only on that of M and the uncertainty 
of the corresponding apparent magnitude; its average is about 
+0”0007, or 15 per cent of the tabulated parallaxes. Better 
values of these parallaxes are derived later.* 





TABLE III 
Boss Number Observer Rel. m and P.E. | Absolute = aoe por | row | 
mal a ; 
| 

oe | Flint et al. +o0’018 +07028 +0’016 
SE eee S van Maanen +0.008+0.003 | +0.010 +0.004 
See ey - Abetti, Miller +0.019+0.009 +0.025 +0.004 
See ee | Mitchell +0.001+0.009 | +0o.006 +0.005 
(X Cygni)..| Miller ©.000+0.008 +0.006 +0.001 
ee Lee and Joy |—0.016+0.014 —o.oII +0.018 





Direct measures of the parallaxes of four of the 11 Cepheids 
here considered are available for comparison with the results of the 
present investigation. The data are shown in the first four lines of 
Table III. Flint’s parallax (absolute) of Polaris, +07%008+o07’016, 
is combined with six of the more recent determinations listed by 
Kapteyn in Groningen Publications, No. 24. The values of the last 
column are taken from a later paper of this series. The absolute 
values are systematically larger than those based upon the parallac- 
tic motion, the mean difference being +07o10 for the first four stars, 
which corresponds to a difference of approximately two magnitudes 
in the absolute brightness. This discrepancy is large and raises 
a question as to possible sources of error. 

We note, however, that the inclusion of X Cygni and the short- 
period variable 8 Cephei (Boss 5532)? reduces the difference in the 

* Mt. Wilson Contr., No. 153, the eighth paper of this series. 


? Their parallaxes are determined later by the method used to calculate the final 
values for the 11 Cepheids, although they could not be included in the original group. 
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mean values to +0%003; and, further, according to an unpublished 
investigation by van Maanen, there is some evidence that the 
directly measured parallaxes require systematic corrections suffi- 
cient to bring the mean value below that derived from the par- 
allactic motion by o’oo1. These~ circumstances illustrate the 
uncertainty of any conclusion based upon a small number of 
directly measured parallaxes whose values are as minute as those 
of the Cepheid variables appear to be. 

On the other hand, the smallness of the proper motions makes 
the calculated parallactic motion sensitive to any systematic 
errors in the observed motions, provided the errors are so large 
or so distributed that the mean value of /, is affected. An attempt 
to determine directly from the observations a systematic correction 
to the proper motions is not expedient, however, as the number of 
stars is small and they are widely scattered over the sky. The 
reduced individual motions should reveal any conspicuous error. 

If we assume a systematic correction to the proper motions of 
the amount used by Kapteyn (Contributions, Nos. 82 and 147) for 
some of the B-type stars in the southern hemisphere, and suppose 
that its effect is not obliterated in the mean result, the deduced 
absolute brightness might be changed by about one-tenth of a 
magnitude, an amount clearly insufficient to question the general 
accuracy of the present result. 

In the introduction to the Preliminary General Catalogue Boss 
has suggested as provisional systematic corrections to his proper 
motions: 

dp.=+0%00021 —o% 00015 sina tan é 


dps = —0"%0023 cosa 


These corrections have been applied to the proper motions of the 
Cepheids and revised values computed for the r- and v-components. 
In Table IV the probable errors of the proper motions, as given 
by Boss, should be compared with the proposed systematic cor- 
rections. (For the first star, Polaris, a systematic correction of 
this general nature is of course not appropriate.) 

In nearly every case the probable error exceeds the systematic 
correction, and in the average it is about three times as large. The 
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revised values of 7 and v should be compared with the analogous 
values in Table I. The average correction to v is just one-half the 
probable error of the proper motion in one direction, and the sys- 
tematic correction to the parallactic motion is also about one-half 
of its probable error. The corresponding correction to the adopted 
absolute magnitude would be less than +0.05, an amount safely 
negligible. We conclude, therefore, that unless the systematic 
errors are assumed to be of a wholly different order of magnitude 
from those derived by Kapteyn and Boss the mean parallax of these 
Cepheids is essentially correct. 


TABLE IV 





REVISED 
Boss No. | P.E. or KM, P.E. oF Ms qu dus aoa Av 
T v 

325... .|+0800343 +0"0008 (—0%00225) |(—0%0022) |+o07%015 |+0"041 0” 000 
Ost... ..; 88 40 | — 4|\|- 17 |+ 7 \+ 16 |+ 2 
p0S8...-. 37 35 |\+ 12\|+ 2\- 2 \|+ 23 |- I 
| a II 17\+ 1m > + 6 °o |+ 7 \- 2 
4403.... 23 30 | + 13 | + I |j- 2 i+ 22 |— I 
4504... 35 44/+ 12|+ °o i+ rr |+ 12 io) 
eons... . 74 80 | + 16 | — 2 i+ 8 |+ 12 ° 
MO7E.... 20 29 | + 21 |/— 10 + 3 i+ 15 |+ 3 
S008.... 31 40 | + 25 |— II °o |+ 8 i+ 4 
Se90....+ 59 63 5+ 27 |— I5 |— Ir i+ 13 |+ 3 

+0.0003I | —0.002I1 ©.000 +0.014 |+0.002 


5807... .|+0.00020 +0.0017 


There remains, however, the possibility of systematic error in 
the mean distance due to a preferential drift of the Cepheids as a 
class—a drift which, in order to escape ready detection by means 
of the peculiar motions, must be either very small or nearly in the 
direction of the solar motion. Suppose, for example, that the 
mean absolute magnitude of the eleven Cepheids were zero rather 
than —2.35. This corresponds approximately to the extreme sys- 
tematic difference indicated by the directly measured parallaxes. 
Then the mean parallactic motion would be o%o5, that is, three 
times the observed value (which is determined with a computed 
error of only 10 per cent). To harmonize this assumption with 
the observed parallactic motion we must assume an annual prefer- 
ential drift of 0”%03 in a direction deviating but a few degrees from 
the solar apex. Such a drift should reveal itself in the radial 
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velocities, which show no effect of the required order of magnitude. 
As a matter of fact, the mean component of these velocities (cor- 
rected for solar motion) in the direction of the sun’s apex is +3.3 
km/sec. with a probable error of 3.5. The corresponding effect 
on the mean parallactic motion would be of the order of 0%003, 
or one-tenth that required; and the uncertainty, arising from this 
source, in the mean parallax given in (7) is perhaps of the order 
of o%0006. 





TABLE V 
Boss No. ?’s | Probable Error M Period 7 
RD iite.6 5-4 0”0029 «=6| «=60"0009 | —2.7 3197 o"o110 
Spee 49 | 13 —1.6 1.95 32 
| rrr Ir | —0.7 4.99 63 
ee a 10 | —4.1 10.15 24 
MA a0 se « « 51 Io | =—2.5 7.01 58 
— |e ie —2.7 7.59 33 
Eas 49 | 26 —1.6 | ‘97 33 
reer 29 13 | —2.7 7.18 45 
ee eed 26 | 22 | —2.9 | 8.38 18 
CS ee 27 | a. ee 4.44 30 
Se eee 0.0022 | 0.0010 | —3.3 | 5-37 0.0033 











A general solution for the preferential motion, based on all the 
Cepheids for which radial velocities are available,’ gives the follow- 
ing values for the velocity of the hypothetical drift, its rectangular 
components, and the position of its apex: 


V =6.4+3.0 km/sec. 
X =+0.2+6.2 Y=—1.8+2.6 Z=+6.1+3.0 


A=275° +195) D=+74° #131° 


The relative magnitudes of the probable errors show that as far 
as this material goes there is no appreciable motion of the Cepheids 
as a Class. 

Referring again to the data of Table II, we assume, for the 
purpose of computation, that the v-component for every star in the 
foregoing tables is wholly parallactic. Then the parallax of each 
variable, reduced to apparent magnitude +5, is p;=0.22 u;/sin X, 
and the corresponding absolute magnitudes are as given in Table V. 
Proceeding as above, where a constant value of M was used, new 


* See n. 2, p. 98. 





ee 








f COLORS AND MAGNITUDES IN STELLAR CLUSTERS 103 


values of m are obtained. Their fairly close agreement with the 
results of the last column of Table II further emphasizes the rela- 
tive smallness of the neglected peculiar motion." 

The chief interest of Table V, however, lies in the comparison of 
the absolute magnitude with the period of variation. A marked 
correlation is at once evident,? and if we combine the stars in order 
of period into small groups so as to eliminate some of the effect of 
the neglected peculiar motion in v and some of the errors of observa- 
tion, we find 





Number of Stars Bere A Period 
Oe cass setae —4.1 10.15 days 
, a ee ee are —2.8 7.72 
Minis ‘an esiva:nle MRC —2.1 6.05 
let ais & ee —1.6 4.05 
Bi ve soe eee neo aee —1.6 1.95 


The probable error of the mean absolute magnitude would be 
further reduced by allowing for this correlation between luminosity 
and period. 


III. THE RELATION OF PERIOD TO LUMINOSITY 


From the plot‘ of the numbers in the fourth and fifth columns 
of Table V a new absolute magnitude is obtained for each star, and 


* This agreement further suggests that the number of stars is sufficient to give a 
dependable value of the mean parallax. We may, in fact, group the stars in threes, 
either at random, or in the order of any characteristic (except period), and the separate 
means will almost invariably give a value differing by less than half a magnitude from 
the mean value for the eleven stars. 


? This might be interpreted as a peculiar distribution of the v-components depend- 
ing on the length of the period, but further work on the relation of period to luminosity 
completely disposes of this unlikely alternative. 


3 The correction, however, is very small because the principal source of the prob- 
able error remains in the dispersion of the residual v;-components. Since M=f(P), 
we observe that the reduced parallactic motion, v;/sin A, is also a function of the 
period, and that for the extremes of period the residual v; values really contain some 
portion (positive or negative) of the parallactic motion. A new solution, which 
involved the reduction of the observed proper motions to apparent magnitudes 
depending on the period rather than to the common apparent magnitude +5, natu- 
rally gave no appreciable difference in the mean parallax and absolute magnitude, and 
reduced the probable error of the latter by less than 0.02. 


‘The deviations from the smooth curve correspond in general to the residual 
vs-components, providing we grant that M is uniquely defined by P. 
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these smoothed values are plotted against the logarithm of the 
period as large circles in Fig. 1. From a final curve, based on 


Logarithm of the period 
+1.8 +1.4 +1.0 +0.6 +0.2 —0.2 —o.6 

















Absolute magnitude 
































° 





Fic. 1.—Luminosity-period curve of Cepheid variation. The various symbols 
designate variables from seven different systems. The short bisecting line at abso- 
lute magnitude — 2.35, log. period 0.775, indicates the mean values for Cepheids of 
known proper motion. Most of the symbols for periods less than a day represent 
averages of about ten variables. Of the six largest deviations, four refer to values 
of particularly low weight. Table XI contains co-ordinates of the adopted curve. 


such material as this, we shall presently derive the absolute 
magnitudes and distances of all Cepheids for which the periods 
are known.* 


* The eighth paper of this series contains the results for the individual stars 
(Mt. Wilson Contr., No. 153). Without correcting for the progression of color with 
period, and assuming a linear relation between period and luminosity, absolute magni- 
tudes have already been computed for two-thirds of the long-period Cepheids by Hertz- 
sprung (Astronomische Nachrichten, 196, 205, 1913), and by Russell for a paper by 
Russell and Shapley (Astrophysical Journal, 40, 417, 1914). The individual results 
were not published. 
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Some years ago Miss Leavitt found a similar relation between 
the apparent photographic brightness and the length of period for 
the Cepheid variable stars in the Small Magellanic Cloud.’ In 
order to support the result derived above for isolated Cepheids and 
to obtain a definitive luminosity-period curve, we may reduce her 
results to the absolute visual system of the present work. From 
certain globular clusters information that is still more valuable 
may be obtained through the correlation of the luminosities of the 
long- and short-period Cepheids. The various sources will be 
taken up separately. 

1. Small Magellanic Cloud.—The magnitudes given by Miss 
Leavitt for stars in the Magellanic clouds are based upon estimates 
on ordinary photographic plates and are referred to a provisional 
scale and zero-point. The uncertainty of the zero-point is of no 
importance for our immediate purpose. As the magnitude scale 
is probably nearly correct, we shall adopt it as it stands, giving 
diminished weight to the brightest and faintest stars, and trans- 
forming the median brightness of the variables from photographic to 
visual apparent magnitudes. 

The reduction to the visual system will be very small for the 
short-period variables, but probably as much as two magnitudes 
for some of the red stars with periods longer than ten days. In the 
absence of direct color or spectral determinations the change to 
visual magnitudes must be made on the basis of length of period, 
using the data already collected for an earlier paper.? With a few 
modifications based on recent spectral classifications,’ the material 
is given again in Table VI, the last two columns of which are plotted 
in Fig. 2. The curve as drawn in the figure has been used for all 
color corrections; but for periods greater than one day a linear 


formula 
Color-index= —o.55+1.5 log P 


represents satisfactorily the change of color with period. The prob- 
able interpretation of the curve is discussed in a later article.‘ 
* Harvard Circular, No. 173, 1912; ibid., No. 79, 1904; Harvard Annals, 60, 106, 1908. 
2 Mt. Wilson Contr., No. 92; Astrophysical Journal, 40, 448, 1914. 


3 Mt. Wilson Contr., No. 124; Astrophysical Journal, 44, 273, 1916. 
4“Three Notes on Cepheid Variation,” the ninth paper of this series. 
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Of the 969 known variables’ in the Small Magellanic Cloud the 
periods of 25 have been determined. The designation, logarithm of 


TABLE VI 


PERIOD AND SPECTRAL TYPE 











Spectrum | Specttam | Stars” | ColorIndex | 'G,ct%iee 
Bo to Ag... A4 15 +0.15 —o. 26 
Fo to Fo... Fs 27 +0.6 +o0.78 
Go to Go... G5 31 +1.0 +1.04 
Ko to Ko... K5 9 +1.4 +1.26 

M-+.... Ma 3 +1.6 +1.52 





the period, median? photographic magnitude, reduction for color- 
index by means of the curve in Fig. 2, and the adopted visual magni- 
tude are given for each star in successive columns of Table VII. 


Logarithm of period 
+1.6 +1.2 +o.8 +0.4 0.0 —0.4 


~o 
! 











Color-index 


+0.8 yy | 
i, 


. oe oa 


+o.1 
Fic. 2.—Change of median color with period for Cepheid variables 


























The visual magnitudes of the 25 variables were reduced as | 
follows to the absolute system represented in Fig. 1. The pro- 
visional luminosity-period curve, based on the isolated variables | 
as described in an earlier paragraph, covers only a part of the 
interval for which periods have been determined in the Small 


* Harvard Annals, 60, No. IV, 1908. 
2 The mean of the values for maximum and minimum. 
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Magellanic Cloud. To reduce to the absolute scale, values of the 
absolute magnitude corresponding to the observed periods of the 
second column have been read from the provisional curve for 
the 13 variables with log P between 0.27 and 1.00. The results 
are in the sixth column of Table VII; in the seventh are the 


TABLE VII 


CEPHEID VARIABLES IN SMALL MAGELLANIC CLOUD 








— Median Pg. | ~ojor-Index| Medi Absolute ; | Provision- 
Variable Log. Per. Pe = are Vie’ Maz. — Difference Ree Mag. 
1505....| 0.0098 15.4 | +o0.2 Ee Bi cnn wnieandee ee ore | —1.2 
Saep....| S888 | 15.6 0.3 CR Ss sks ke ee oe he I.1 
1446....| 0.246 15.6 0.3 sae sit eee 8 
1506....| 0.273 5.7 0.3 15.4 —1.1 —16.5 1.0 
SAtS.....1 @Ocg87 15.2 0.3 14.9 ‘.s 16.2 ..3 
1460....| 0.464 15.0 0.4 14.6 5.9 16.1 | 1.8 
1422....| 0.545 15.3 0.4 14.8 Se 16.5 | 1.6 
.....| &.o |. 88.3 0.5 14.8 1.9 16.7 | 1.6 
1425....| 0.658 14.8 0.5 14.3 2.0 16.3 | a 
1742....| 0.698 14.9 0.5 14.4 s.3 16.5 | 2.0 
1646....| 0.726 14.9 0.6 14.3 2.2 16.5 | 2.1 
1649....| ©.727 14.8 °.6 14.2 2.2 16.4 2.2 
1492....| 0.799 14.3 0.6 3.9 5 16.0 | 2.7 
I400....| 0.823 14.4 0.7 13.9 2.4 | 16.1 | 2.7 
BS5c....| O08 | 84.4 °.8 13.6 $7 | 26.3 | 2.8 
3374....| 0.984 14.5 °.8 13.7 —2.8 | —16.5 03.7 
pis... +) €.Oe8 14.2 °.9 1:3 ee a3 
1610....| 1.066 14.0 | 1.0 13.0 Mean diff. —16.4 3.4 
5305....| %.608 14.3 ey 13.2 3.2 
S66t..+<1. 3.208 13.9 ‘8 12.8 3.6 
S27...4| 3899 13.8 3.2 $3.7 3.9 
S02....1 £988 13.8 :.2 12.5 3.9 
Ss3....) 2.58 13.2 1.6 11.6 4.8 
SQQ...+| 2.888 12.1 2.0 10.1 6.3 
Sat...-| 9.806 11.6 +2.0 9.6 —6.8 


differences between the magnitudes from the curve and the appar- 
ent magnitudes. The mean difference, —16.4, is the reduction 
constant, which, applied to all apparent median magnitudes, gives 
in the last column the corresponding absolute magnitudes. In 
making this transformation, the purpose of which is to relate change 
of period with change in absolute visual magnitude, we make no 
assumption regarding the actual luminosity of Cepheid variables 
in the Magellanic clouds; but as soon as we use the reduction con- 
stant as a measure of distance we assume, of course, that variables 
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of a given period are of comparable luminosity, whether they are 
in the general galactic system or in separate stellar organizations, 
such as globular clusters and the Magellanic clouds. 

The absolute magnitudes of the last column of Table VII, 
plotted in Fig. 1 as dots, show that the same relation holds for the 
Cepheids in the Small Magellanic Cloud and in the galactic system, 
and that an improved and extended luminosity-period curve may be 
based upon the combined data. The relation appears so definite 
that the prediction of the length of period on the basis of magnitude 
estimates should be possible for most of the 944 other variables 
in the Small Magellanic Cloud.t Two or three hundred of them 
are fainter than any for which the period has been determined. It 
is very probable that they are cluster-type variables with periods of 
the order of twelve hours. With no correction either for color 
or for divergence of magnitude scale their median magnitudes on 
the absolute system are about —o.3, agreeing almost exactly with 
the mean value determined below for cluster-type variables in 
globular clusters. 

It is important to note further that magnitude 16.0 in Miss 
Leavitt’s provisional system marks an abrupt and definite fainter 
limit to the median brightness of the variables in the Small Magel- 
lanic Cloud. The plates, which were made with the 24-inch Bruce 
telescope with exposures varying from two to five hours, are suffi- 
cient to test this matter, for minima are observed as faint as 17.0, 
but, with one possible exception, no maximum is recorded fainter 
than 16.0. A similarly definite fainter limit to the interval of mag- 
nitude throughout which Cepheids occur has been observed in 
globular clusters, particularly in w Centauri, and Messier 3, 5, 


* Without doubt nearly all variables in both clouds belong to the Cepheid class. 
In the Small Cloud, however, four variables have an observed range of at least three 
magnitudes, and are probably long-period variables rather than Cepheids. Possibly 
a few others have larger ranges of variation than shown by the plates examined by 
Miss Leavitt and are also long-period variables. It seems to be a definite observa- 
tional fact that no star that otherwise has typical Cepheid characteristics is known 
to have a range in excess of two magnitudes. The value, photographically, falls 
usually between 0.8 and 1.5, regardless of the length of period. Hence the appropri- 
ateness of Eddington’s search for the physical reason of an upper limit to the ampli- 
tude of a pulsation in a gaseous star (“‘The Pulsation Theory of Cepheid Variables,” 
Observatory, 40, 290, 1917). 
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and 13. The concurrent progression toward a definite limit of 
luminosity, spectrum, and period suggests that, in the evolutionary 
sequence of stars, Cepheid variation is abruptly limited at or near 
the blue end of the giant series because of the changing physical 
conditions in the interior of the gaseous masses. 

2. w Centauri.—Of 132 variables observed by Professor Bailey 
in the southern cluster w Centauri,’ periods were determined for 93, 
of which 3 are long-period Cepheids. From the observations and 
notes it has been possible to derive approximate results for two 
others with periods in excess of aday. In Table VIII the correction 
to visual magnitude and the reduction to the absolute system follow 


TABLE VIII 


CEPHEID VARIABLES IN # CENTAURI 








Designation Log. Per. wee (Bailey) Visual Mag. ——- Difference ey 
S.cceawres 1.47 10.45 8.80 | -—4.70 —13.50 —5.00 
RS pee eee 1.17 II.94 10.76 | —3.60 | —14.43 — 3.04 
ANS rt eee 0.66 12.08 11.60 | —2.00 —13.60 —2.20 
Se ene 0.13 12.74 12.52 | —1.01 —13.51 —1.28 
ere ee ©. 36 12.92 12.60 | —1.35 —13.95 —1.20 
ee —0. 23 13.55 13.40 | —0o.40 
See —0o.12 13.54 13.37. | Mean diff. —13.80 —0.43 
re —0.40 13.61 13.49 | —o.31 


the same plan as that for the Small Magellanic Cloud. The magni- 
tudes of the fifth column were read from the improved luminosity- 
period curve, but since at this point in the discussion the curve 
has not yet been extended to periods less than a day, the three 
groups of cluster-type variables were not used in the reduction. 
The light-curve of No. 29 is hardly typical of Cepheids, and its 
magnitude also appears somewhat discordant. In obtaining the 
reduction constant, —13.80, half weight was given to the ap- 
proximate magnitudes for Nos. 48 and 61. The numbers in 
parentheses in the first column refer to the total number of stars in 
each subgroup. Plotting as crosses in Fig. 1 the values of the 
second and last columns, the luminosity-period curve is further 
improved for the ordinary Cepheids and is extended to the cluster- 
type variables. 
' Harvard Annals, 38, 1902. 
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3. Messier 5.—Professor Bailey has recently determined the 
periods and light-curves of about 70 variables in Messier 5." Of the 
three with periods longer than a day, two are certainly Cepheids. 
The third, No. 50 of Bailey’s list, with a period of 106 days, is one 
component of a close bright double. Its observed magnitude is 
certainly diminished by the Eberhard effect, possibly to a great 
extent. Professor Barnard has observed visually all three of these 
stars.?_ In a recent letter he states that the measures of No. 50 
do not give the rapid rise to maximum light that is typical of 
Cepheid variation. If the star were included without correction 
for the Eberhard effect, it would deviate more than three magni- 


tudes from the curve. 
TABLE IX 


CEPHEID VARIABLES IN MESSIER 5 


| | 
| Median Pg. 





. . rs Mag. trom . rovisio 
Designation | Log. Per. | dal iVisual Mag. ais. Oe Difference — —_ 
Nae ee ¥.48 | 82.72 10.20 —4.55 —14.75 —4.98 

OE pet ee a ee ee eee Serene —3.6 
ES eee sie2 | 22:08 | 30.53 —4.57 —15.10 —4.65 
Double Max. (8)) —0.57 | 14.08 i RRS eae) POR baiint aes —0.34 
Group I........ | —0.32 | 14.908 | 14.85 | —0.33 —15.18 —0.33 
Group 2....... | —o.26 | 14.908 | 14.83 | —0.39 —1I5.22 —0.35 
Group 3....... | —0.20 | 14.96 | 14.80 | —0.45 —15.25 —o.38 


| | Mean diff. —15.18 
*It should be noted that the luminosity-period curve is slightly corrected after each accretion of 
data so that the magnitudes in the fifth column are not those derivable from the final curve. 


A group of 8 variables with double maxima or peculiarly short 
periods is found among the cluster-type variables of Messier 5.° 
That they are single stars with an average period of six and one- 
half hours seems the most probable hypothesis; they are accord- 
ingly used to extend the luminosity-period curve and to show that 
no appreciable decrease in luminosity occurs as the periods become 
less than twelve hours. 

Bailey has collected into three equal groups, in order of length 
of period, the thirty typical cluster-type variables with most 
definite light-curves. Each group is given weight 5 in determining 
the reduction constant. The material is discussed in Table IX 


* Harvard Annals, 78, Part 2, 1917. 3 Harvard Circular, No. 193, 1916. 
2 Astronomische Nachrichten, 147, 243, 1898. 
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and, omitting No. 50, the results are plotted in Fig. 1 as tri- 
angles. 

4. Messier 3.—Bailey’s monograph on Messier 3 contains the 
light-curves of 110 stars, none of which has a period exceeding a 
day.’ In his catalogue the only bright star that is certainly vari- 
able is one that appears to be irregular. A bright Cepheid, 
however, was found near the center of the cluster by Barnard, who 
has determined the period and published a light-curve.? The 
median photo-visual magnitude of this star has been determined 
from plates made at Mount Wilson and measured by Miss Davis and 
the writer. Although the light-curve derived by Barnard is more 
nearly symmetrical than is usual for Cepheid variables, the color 
and the change of color between maximum and minimum, which is 
typical of this kind of variable, is clearly indicated by the Mount 
Wilson measures. A small correction to the final magnitude 
for Eberhard effect would be appropriate, because of the star’s 
situation in the densest part of the cluster, and would probably 
eliminate its deviation from the curve in Fig. 1. 

One variable of Bailey’s list, No. 37, has been specially studied 
at Harvard’ and on a series of Mount Wilson plates. Its period is 
about one-half that of the typical variable of Messier 3, resembling 
in this respect, as well as in the shape of the light-curve, the eight 


* Harvard Annals, 78, Part 1, 1913. 


2 Astronomische Nachrichten, 172, 345, 1906. Barnard suspected another bright 
star of variation, No. 19, in his nomenclature. Referred to his comparison star No. 8 
no variation is apparent on the Mount Wilson plates so far examined. The data for 
photographic magnitudes are as follows: 


Plate Date 19-8 Plate Date 19-8 





ee 1915, April 16 oMoo ee 1917, March 28 +oMo06 
es. ... ; June 7 +0.10 || 3680..... 28 +0.04 


"SESE July 6 +0.04 





These stars are among the very brightest in the cluster, and, as might have been 
inferred from previous investigations, they are red. The color-index of No. 19 is 
approximately +1.8 magnitudes, and of No. 8, more than two magnitudes, according 
to measures on five photographic and three photo-visual plates. There is some possi- 
bility of Eberhard effect as both stars are near the center. 


3 Harvard Circular, No. 193, 1917; Harvard Annals, 78, Part 2, 1913. 


4 Publications of the Astronomical Society of the Pacific, 29, 110, 1917. 
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stars of Messier 5 that are designated ‘‘ Double Max.” in Table IX. 
It is entered singly in Table X. The 54 typical cluster-type vari- 
ables in Messier 3 for which Bailey considered the results most 
certain are combined, in order of period, into three equal groups, 
each of which is given weight ro in deriving the reduction constant. 
The photo-visual magnitudes are referred to the Mount Wilson 
system, a series of polar comparison plates being used to obtain 
the appropriate correction to Bailey’s photographic magnitudes. 
Black squares in the diagram designate the results for Messier 3. 

5. Messier 13.—Two Cepheid variables in Messier 13 were 
discovered by Bailey and Barnard and studied by the latter.’ Of 
five others found by the writer among the fainter stars? four appear 


TABLE X 


CEPHEID VARIABLES IN MESSIER 3 





Median Pv. Mag. from 








Designation Log. Per. Slee. +, Phe Difference yy 
Barnard 7... 1.20 | 12.3 —3.7 —16.0 —3.4 
Bailey 37.... —0.49 | 15.40 —0.35 | =—15.75 —0.33 
Group I..... —0.30 | 15.29 —0.34 —15.63 —0.44 
Group 2..... —0.27 15.39 —0.36 | —15.75 —0.34 
Group 3..... —0o.22 | 15.39 “6.9 | -~t§.97 —0.34 

| Mean diff...... —15.73 





to have periods less than a day. Approximate median photo- 
visual magnitudes for these four and the earlier two have been 
obtained from Mount Wilson photographs; but without a complete 
study of all the light-curves the results have low weight. Carrying 
through the usual reductions, however, and combining the pro- 
visional results into two groups, we obtain the values indicated by 
open squares in Fig. 1. 

6. Other sources.—Further numerical results bearing on the 
luminosity-period relation are not now available, but certain 
sources may be cited from which quantitative results will come in 
time and from some of which even now we may infer confirmation of 
the interdependence of period and luminosity. 

t Bibliography and discussion in Mt. Wilson Contr., No. 116, p. 78, 1915. 

2 Ibid., pp. 79 ff. 
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The median photographic magnitudes of the 808 variables dis- 
covered by Miss Leavitt in the Large Magellanic Cloud’ range from 
10.5 to 15.8; there is but one fainter exception, which, by show- 
ing that fainter stars are easily visible on the plates, proves the 
rule that Cepheid variation affects only stars brighter than a 
certain limit. If we should assume the same color correction as 
used for the Small Magellanic Cloud, the interval of magnitude in 
which the variables occur is much the same. There can be little 
doubt that these are Cepheid variables (the ranges of all but two 
or-three are less than two magnitudes’) ,among which the luminosity- 
period law holds as elsewhere. Good values of the distance and 
extent of the star cloud will be given eventually through determina- 
tions of the magnitudes and periods of these variable stars. 

The 50 variable stars in Messier 15 are being studied by Pro- 
fessor Bailey on a series of 75 Harvard and Mount Wilson plates. 
The periods so far derived, with one exception, are less than a day. 
The exceptional star has a period of 1.44 days, a provisional value 
kindly communicated by Professor Bailey; its median magnitude is 
about 0.43 brighter than the median magnitude of the other 
variables, according to measures on a few Mount Wilson plates. 
The results are preliminary and receive no weight in obtaining the 
luminosity-period curve, but because of the close agreement with 
results for other clusters, the following data, derived in the usual 
manner, are plotted in Fig. 1 as small circles containing crosses: 


Variable No. 1, Median Mag. (Absolute) = —o.82, Log. Per.=+0.16 
Variable No. 13, Median Mag. (Absolute) = —o.40, Log. Per.= —o. 24 
Variable No. 11, Median Mag. (Absolute) = —o0.37, Log. Per.= —o. 46 


Nos. 13 and 11 are typical of the two subclasses of variables in 
Messier 15; the median photographic magnitudes, Bailey finds, 
are in all cases about 15.7. 

Variable stars have now been discovered in 26 globular clusters,* 
and from Mount Wilson plates and from reproductions in Harvard 


' Harvard Annals, 60, Part IV, 1908; Harvard Circular, No. 82, 1904. 
2 See n. 1, p. 108. 3 Popular Astronomy, 25, 520, 1917. 


4 To the list in Harvard Annals, 38, p. 2, several have been added through recent 
discoveries by Miss Davis (Publications of the Astronomical Society of the Pacific, 29, 
210. 260, 1917). , 
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Annals, 38, it is possible to make a preliminary comparison of the 
relative magnitudes in each system. ‘Thus we find that there are 
at least 15 clusters, in addition to those examined in some detail in 
the foregoing discussion, in which some or all of the variables are 
among the very brightest stars. Clusters which show also a con- 
siderable diversity in the magnitude of variables, and which are 
therefore of importance for the luminosity-period curve, include 
N.G.C. 104, 362, 1904, 6266, 6397, and 6626. 


The final luminosity-period curve, as drawn in Fig. 1 and given 
numerically in Table XI, is based upon more than 230 stars, and, 
except.for zero-point uncertainty, is probably correct within one or 


TABLE XI 


Co-ORDINATES OF THE LUMINOSITY-PERIOD CURVE 


Logarithm of Period Absolute Visuai || Logarithm of Period Absolute Visual 





Magnitude Magnitude 
cy a —0.34 * eee —2.43 
ES ae 0.33 eee ee 2.79 
ere 0.3. eS Saree 4.38 
ee 0.34 ae « "Se 3.51 
RENEE ioe 6s Veto 0.38 ao Ce 3.87 
Ll: EE 0.50 (Ree SA ee 4.23 
ge 0.64 fee 2 ee 4.50 
ee 0.81 a Ree 4.95 
ee ©.99 oe eee ee 
are B87 es Soe 5.67 
| Ae 1.37 1 ES mee eee 6.02 
Oy eee 1.58 A eee 6.38 
RED ie nna oo 1.81 GSS is wwes 6.74 
Saree —2.10 - Se ee —7.1 





two hundredths of a magnitude. Ten plotted points lie on the 
curve, 23 are below, and 24 above. The average unweighted 
deviation is +o.13 mag.,’ an amount so nearly of the same order 
as the errors of the measured magnitudes that for typical? Cepheids 
of given period a rigorously constant median magnitude may be 
assumed. Almost all of the large deviations from the curve are of 


t The observational errors in the periods are relatively negligible. 

2 The word “typical” is frequently used to make allowance for such stars as 
RV Tauri, « Pavonis, and V Ursae Minoris, which show some general Cepheid 
characteristics, but because of various recognized irregularities or peculiarities may 
also be irregular in the relation of period to absolute brightness. 
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low weight, due to uncertain estimates of magnitude or period, 
peculiarities in light variation, or possible error in the magnitude 
scale. Above absolute magnitude —5.5 the curve depends only on 
the longest period variables in the Small Magellanic Cloud; but 
the resulting uncertainty is not serious, as few Cepheids have periods 
longer than forty days." 

Future work on the periods and magnitudes of variables in 
clusters is not likely to alter appreciably the form of the luminosity- 
period curve; but further investigation of the proper motions of 
Cepheids may contribute to the certainty of the zero-point, which 
is now defined both as to amount and accuracy by equation (7). 
The distances of even the nearest Cepheids are so great that little 
can be expected from direct parallax measures in the way of quanti- 
tative confirmation or improvement of the curve.? 


IV. THE MEDIAN MAGNITUDE OF CLUSTER-TYPE VARIABLES 


The flattening of the luminosity-period curve for magnitudes 
fainter than —o.5 indicates that for the typical cluster-type 
variable the median brightness is essentially invariable and is 
independent of the length of period. As we shall presently relate 
the magnitude of these variables to the maximum brightness 
attained in clusters, a further examination of the dispersion of 
median magnitudes is advisable. From preceding tables we derive 
the data in Table XII. 

Thus the absolute photographic magnitude’ for 183 variables is 


Median = —o0.23 (8) 


The deviations from this mean value may be due largely to the 
errors in the magnitudes of the longer-period Cepheids of each 
cluster. No marked change of photographic brightness with 
period appears; the change of visual magnitude with period 


* Cf. Table Il of the eighth paper. Long-period Cepheids are liable to irregularity. 
2 See sec. II, above. 


3 This value, which becomes of much importance in the determination of cluster 
parallaxes, is independent of the earlier transformations from photographic to photo- 
visual magnitudes with the aid of Table VI. 
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recorded in Fig. 1 and Table XI is due to the small progression of 
color with period, assumed in the reductions on the basis of Fig. 2. 

Much work bearing on the constancy of the median magnitude 
of cluster-type variables has been done at Mount Wilson; but a 


TABLE XII 


| 
Weshen of Mean Absolute 





Cluster ee Mean Period | Photographic Deviation 
Variables Magnitude 

A [34 of 40 | =#.a9 —oMo4 

w Centauri... 37 ©.59 —0.25 +0.02 

| (19 0.76 —o.26 +0.03 

8 0.27 —0.20 —0.03 

Messier 5... na 0.48 ere Reap. 

10 0.55 —0.20 —0.03 

10 0.63 —0.22 —0o.O1 

I 0.32 —0.20 —0.03 

Messier 3... 18 0.50 | 0.31 +0.08 

18 0.54 —0.20 —0.03 

18 0.60 | —0.20 —0.03 


full discussion of the data would be too extensive for the present 
paper, and the results for only two systems are outlined below. 

1. In w Centauri three subclasses of cluster-type variables are 
recognized. Omitting those for which the classification is uncer- 
tain, we have in Table XIII a summary of the data bearing on the 








TABLE XIII 
VARIABLE STARS IN w CENTAURI 

No. of : Maximum | Range of | Median Average 

Subclass Variables Mean Period Magnitude | Variation | Magnitude Deviation 

"ae ee epee 33 01586 12.99 ne oe + oMog 
Pastspinevss 15 0.752 2 Fe - an: +0.10 
a ee 28 ©. 395 358 | ee 13.61 +0.09 
ia vse 0<'s's AS of IRS BERS SRN Pet ae |. 22.897 +0.10 





dispersion of median magnitudes. Although the stars of the three 
groups differ from each other in maximum magnitude and range, 
as well as in period and form of light-curve, the median values are 
the same. The distribution of individual deviations agrees closely 
with the probability curve, as shown in Table XIV. 
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2. The variables in Messier 3 differ very little from each other 
in any respect. The comparison stars and some of the variables 
have been studied by Miss Davis and the writer on a series of 65 
photographs; the magnitude scale has been revised and referred 
to the Mount Wilson system. A sample of the revised data, show- 
ing the constancy of the median magnitudes, has been given 
in Mt. Wilson Communication No. 47." For the 54 light-curves 


TABLE XIV 


Number of Residuals 





hatuiein Theory Observation 

oMoo and oMo3..... 18 19 
o:04 ™ @.66...... 14 12 
0.07 oe 13 15 
°.10 O68: <5 10 13 
as ee 7 7 
we * 6.90. ix 5 ° 
SS La See 6 7 

3 


| one 3 





selected by Bailey as most definite the median photographic mag- 
nitude is 15.490.01, the average deviation from the mean value 
is 0.07, and the largest deviation is less than two-tenths of a 
magnitude. If we include all 110 variables for which periods are 
known, the mean is 15.50+0.006, with an average deviation 
+0.08. 

A further examination of the median magnitudes for the 54 
selected stars shows the following small systematic variation, 
which is definitely connected with the range: 


Mean range of variation...... 1Mo4 ™14 1@26 1M33 1™48 
Mean median magnitude...... 15.58 15.52 15.49 15.47 15.41 
Number of variables......... 10 4 | 22 9 9 


One explanation of this variation is that the duration of exposure 
was often so long that for some stars the brightness at the top of the 
sharp-pointed curves was never determined, the measures yielding 
fainter, more rounded maxima than actually exist. The range 


* Proceedings of the National Academy of Sciences, 3, 480, 1917. 











118 HARLOW SHAPLEY 


deduced for such stars is always too small, and the systematic 
error goes into the median magnitude with half its weight. The 
variation may be due, rather, to errors of observation at maximum 
light, where usually only a few estimates are available and any 
error will directly correlate range and median magnitude. The 
first explanation gives 15.4 as the true median magnitude, the 
second leaves it at 15.5." 

In either case an appropriate and simple correction to the devia- 
tions from the mean median magnitude, for the systematic errors 
in the maxima, leaves the uncertainty in the median magnitude 
but half as great as given above, and the average deviation for a 
single star is less than 0.05. The distribution of the corrected 
residuals again accords with the law of error as closely as could be 
expected for a small number of values: 








ee Theory | Observation 
oMoo and oMo4..... 29 27 
e.0¢. “ 6.08..... 16 15 
a SS... 7 9 
eee 2 | 3 








The magnitudes in Messier 2, 5, 15, and 22 yield results similar 
to the foregoing. In each cluster, apparently, the total light 
variation of short-period Cepheids is confined to a narrow interval 
of brightness; and in all cases where the observations are sufficient 
to justify a conclusion the deviations of the median magnitudes 
from their mean are far within the errors of observation. Hence we 
are led to place much confidence in the hypothesis that the parallax 
of a cluster-type variable (or of any cluster containing such stars) 
may be derived immediately from the measurement of the median 
magnitude. 

* The error is probably common to all groups of variables. It does not vitiate 
the work on cluster parallaxes, for the median value as observed is used to obtain 
both apparent and absolute magnitudes. A systematic error may be introduced into 
the determination of the distances of some isolated cluster-type variables, but at most 


it will be only a few per cent and far within the uncertainty of the various magnitude 
scales. 
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V. PARALLAXES OF CLUSTERS FROM THEIR BRIGHTEST STARS 


The most important use of accurate median magnitudes is to 
furnish a starting-point for the study of the absolute luminosity 
of the brightest stars in a cluster. In Messier 3, for instance, where 
the magnitudes of all the brighter stars' have been accurately 
measured, there are nearly 300 more luminous than the median 
magnitude of the variables. A few that are more than two magni- 
tudes brighter appear in the cluster, it may be, by projection only, 


TABLE XV 


PHOTOGRAPHIC MAGNITUDES OF 30 BRIGHTEST STARS IN MESSIER 3 











Star Color-Index| Pg. Mag. | Deviation Star Color-Index| Pg. Mag. | Deviation 
206....| +I.01 11.27 Bright 1449....| +1.40 | 14.18 | —0.05 
420....| +0.19 13.59 | Bright 463....| +1.13 14.25 | +0.02 
589....| +0.91 13.71 Bright 238....| +1.79 | 14.27 | +0.04 
205....| +1.09 13.81 Bright 334....| +1.13 | 14.27 | +0.04 
837....| +1.36 13.83 Bright 205....| +1.14 14.29 | +0.06 

| o25....| +1.34 14.29 | +0.06 
II27....| +-1.30 13.92 —0.31 || 1397....| +1.69 | 14.29 +0.06 
1219....| +1.40 14.04 —o.19 || 308....| +2.13.]| 14.32 +0.09 
706....| +1.16 14.06 —0O.17 || 237....]| +0.42 | 14.33 +0.10 
1000....| +1.25 14.08 | —0.1§ || 300....] +1.19 | 14.37 +0.14 
1128....| —0o.60 14.08 —o.15 || 640....| +1.18 | 14.40 +0.17 
417....| 1.15 14.09 —0.14 || 1203....| +1.32 | 14.40 +0.17 
740....| +0.70 14.70 —0.13 || 1208....| +1.23 14.40 +0.17 
490....| +1.80 14.13 —o.10 I214....| +1.22 | 14.40 +0.17 
297....| +1.32 14.14 —0.09 597...) U8 | 14.45 +0.22 
1392....| +1.22 14.14 —0.09 
Means. .| +1.16 | 14.23 +0o.12 

















or they may be double or multiple stars. If we limit our study to 
the region within 9’ from the center and exclude a few, say 
five, of the very brightest objects, we can feel sure that prac- 
tically all the remaining bright stars are really typical members 
of the cluster. 

In Table XV the sequence of the 30 brightest objects is shown 
for Messier 3, the data being taken from an unpublished investiga- 
tion of the magnitudes and colors of nearly a thousand stars.2_ The 

«Stars within a concentric circle of nearly 3’ diameter are excluded because of 
possible systematic errors arising from crowding of images and Eberhard effect. 


? The numbers are those of von Zeipel’s catalogue, Annales de l’Observatoire de 
Paris, 25, 1908. 
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mean luminosity of the 25 chosen stars is determined with nearly 
the same accuracy as the median magnitude of the variables. The 
difference, Med.— Mean Br., is +1.27; hence from equation (8) 
we find that the brightest stars have an absolute photographic 
magnitude of —1.5 in the mean, and a maximum just fainter 
than —2. These bright stars are reddish, however, and the maxi- 
mum visual absolute brightness exceeds —3 magnitudes in a few 
cases. 

Other clusters which contain short-period Cepheids agree in 
showing that the maximum photographic luminosity is regularly 
between 1.5 and 2.0 magnitudes brighter than the median value 
for the variables. We see, therefore, in this apparent constancy 
of maximum magnitude, the possibility of an expeditious method of 
furthering our knowledge of cluster distances. The phenomenon 
is qualitatively illustrated by an inspection of the photographs 
reproduced in Harvard Annals, 38; and a quantitative confirmation 
is readily possible through magnitude measures, even when the 
variables are few in number and their light-curves are unknown. 
Thus, for Messier 22 a study of three polar-comparison plates 
gives for the mean magnitude of the 25 brightest stars' the value 
13.08, with extremes of 12.51 and 13.55, and an average deviation 
of =o.19, while the median magnitude of the variable stars,? from 
the measures given in Table XVI, appears to be 14.45. Hence, 
Med.— Mean Br.=+1.37. For a few clusters, in which the vari- 
ables have been extensively studied, more accurate values of this 
difference can be obtained. 

All material now available has been considered in discussing the 
relation of median to brightest magnitude, summarized in Table 

t Five stars brighter than the “25 brightest’’ are always excluded in usinz this 
method. 

2 Sixteen variable stars are listed by Bailey (Harvard Annals, 38, 242, 1902). 
No. 11 is a very close double and was not measured; Nos. 3 and 14 could not be 
certainly identified. The variability of Nos. 2, 5,9, and 16 is not definitely confirmed 
by the Mount Wilson plates. No. 8 is one of the brightest stars in the cluster and 
appears to be a long-period Cepheid; similarly, Nos. 5 and 9 are probably bright 
Cepheids of long period. For the remaining 8 stars a short-period variation of a 
magnitude or more is fairly well established by these plates. The total interval of 


brightness is about two magnitudes; the uncertainty of the median magnitude given 
above is possibly one or two tenths... 
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XVII. Some of the tabulated material has been adapted from 
Bailey’s published work, but most of it has been derived from 
Mount Wilson plates, of which the total number entering the dis- 
cussion for each cluster is noted in the second column. The third 
column gives the number of cluster-type variables contributing to 
the mean median magnitude. It should be observed that the 
final result appears to be independent of the frequency of variable 


stars. 
TABLE XVI 


VARIABLES IN MESSIER 22—OBSERVATIONS OF 1917 





nee ee | Plate 3887 | Plate 3888 | Plate 3892a Plate 3892b | Plate 3940 | Plate 3963 

Aug. 14.71 Aug. 14.72 Aug. 14.75 | Aug. 14.75 Sept. 9.70 Sept. 10.68 

Bios Seawd Vighdws ee Miah Wy ebed Bee wkeid ee er 15.51 14.06 | 15.37 
Ne Relget eso RA 1 os och cee ae 15.12 rs.t%: |. ta 

Bi sive. s':04 ake wdpdo aah [os vvGss feud akey > sackek aa dae te okey ne 16.36? 
Bi ik cate 14.80 Rt Pee eer 14.95 15.13 14.38 
Sees * hi 2898 13.98 | 22.93 12.75 12.46 | 12.64 
ere rs 15.04 7 a eee 14.37 14.98 14.01 
We kets Giese gta i’ Bie 8 OS eer ee 14.78 14.32 15.41 
_ ee ere 12.16 | 12.17 | £2.29 | 12.10 12.76 12.79 
hile ase totes 3.05 | <tg-g8 | 28-88 | Se 13.32 13.15 
_ eee i) ae: oe eee | s. 15.03 14.38 
SS ee ee 15.01 a eee eee | 14.42 14.95 14.93 
| eer 14.20 13.78 13.72 13.58 14.98 | 13.68 
| ee 14.95 a oe ee 15.36 14.52 | 14.93 
Wiss Saas ton 14.41 ee Meer ee 14.52 14.47 | 14.34 





The radius of the concentric circular area in which the bright 
stars were measured is given in the fourth column of Table XVII. 
The choice of this quantity is somewhat arbitrary, and small changes 
in it may affect the mean perceptibly if thereby exceptionally bright 
stars happen to be included or omitted.? The adopted radius 


™In at least three clusters (N.G.C. 6266, 6626, and 6723), in which magnitudes 
have not been quantitatively studied, a considerable number of short-period variable 
stars are from one to two magnitudes fainter than the brightest stars. Qualitatively, 
therefore, the relation between the median and brightest magnitudes is verified in 10 
clusters and the Magellanic clouds and is nowhere controverted. Its quantitative 
expression, however, is probably less definite than the differences of Table XVII 
suggest, the close agreement of several values being partially fortuitous. A later 
study of Messier 15, for instance, indicates an uncertainty of o.2 mag. in the pro- 
visional value given here; but the adopted probable error of the mean difference amply 
covers this discrepancy. > 

2 The mean magnitude for Messier 3 is 14.30 for a radius of 7’ and 14.17 fora 
radius of 11’. 
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depends in general upon both the nature of the photographs and the 
cluster’s angular diameter, but mainly upon the galactic latitude. 
In rich fields the area is necessarily small in order to exclude bright 
non-cluster stars. We might have adopted the same radius for all 
clusters and attempted to allow for foreign objects by varying with 
galactic latitude the number of excluded stars, but the actual 
angular dimensions differ so greatly that a more flexible procedure 
seemed advisable. Every effort has been made in this and subse- 
quent work of the same kind to obtain homogeneous results, in each 
case so choosing the area for measures of bright stars that, with the 
five brightest rejected, the resulting mean gives a trustworthy 
value of the maximum luminosity." 


TABLE XVII 


MEDIAN MAGNITUDES AND THE BRIGHTEST STARS 








PHOTOGRAPHIC MAGNITUDE 











No.or | No.or | , — 
CLUSTER PLATES | VARIABLES | Rapius l WEIGHT 

Mean Br. | Median Diff. 

Messier 3. .| a a Te ed 14.23 | 15.50 1.27 8 

ee 3 61 ee 13.97 15.26 1.29 4 

15..| 7 yn ae t4..32 .| 25.68 1.32 2 

a. 3] i PS) a ae 4.06 .} 38.9% 1.10 I 

22..| 6 8 5.5 13.08 14.45 1.37 I 

13..| 15 4? | 6 13.75 i ee 5383 ° 

w Centauri. | ae 2 | 3853 13.9: 1.6: ° 
| | Mean difference... . 1.28 





The mean difference, +1.28, combined with (8), gives M= 
—1.51 as the mean absolute photographic magnitude for the 
bright stars. The probable error of the difference is not likely 
to be in excess of two-tenths of a magnitude. This estimate 
makes generous allowance for the real dissimilarities of the clusters 
(which seem to be small so far as magnitude limits go) and for the 
uncertainties in excluding peculiar and non-cluster stars. Taking 
also into consideration the probable error of (7) and the observa- 
tional errors in the apparent magnitudes, m, we conclude that the 

* Central condensations and multiple stars were avoided. Counts of stars on the 


Franklin-Adams charts were frequently of service in estimating the probable fre- 
quency of outside stars in a cluster field. 
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probable error for the difference M—m, in the relation 5 log r= 
M—m-—s5s, certainly does not exceed 0.4 mag., and, therefore, 
that the absolute parallax of a globular cluster may be obtained 
from the apparent magnitudes of its brightest stars with a probable 
error of less than 20 per cent. For relative parallaxes the probable 
error does not include the error of (7) or the possibility of system- 
atic error in the magnitude scale; its value is 10 per cent or less 
for parallaxes derived from homogeneous data. 


VI. REMARK ON THE PARALLAXES OF CLUSTERS DERIVED FROM 
THEIR APPARENT DIAMETERS 


The foregoing discussion shows that the mean apparent magni- 
tude of the brightest stars in a globular cluster is a pretty depend- 
able criterion of its distance, thus indicating that all systems are 
much alike in the maximum luminosity attained by any individual 
member. In consequence it is a natural assumption that clusters 
may also be closely comparable in actual size. In fact, the first 
paper of this series' contains a provisional curve correlating decreas- 
ing maximum brightness with decreasing angular diameter, and it 
follows that the apparent size of a globular cluster is also a direct 
measure of the parallax. As we may obtain the parallaxes of nearly 
30 globular clusters by the methods outlined on preceding pages, 
a curve showing the relation of distance to apparent size can be 
readily constructed, and using this curve the parallax of any other 
cluster can be obtained from its diameter. _A necessity of such 
work is homogeneity in the observations, and this is afforded in a 
highly satisfactory manner by the Franklin-Adams photographic 
charts, which cover the whole sky and include every known globu- 
lar cluster. Further discussion of this phase of the work is 
reserved for the following contribution. 


VII. SUMMARY 


1. The determination of the distances and distribution in space 
of globular clusters involves a general treatment of extensive 
data bearing on the magnitudes, periods, light-curves, proper 
motions, and radial velocities of Cepheid variables in the Galaxy 


* Mt. Wilson Contr., No. 115, p. 12, 1915. 
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and other systems and on the angular diameters of clusters and the 
number, magnitudes, and colors of their individual stars. Its 
successful accomplishment will help somewhat to a better under- 
standing not only of the most remote objects known in the stellar 
universe, but also of the dimensions and dynamics of cluster sys- 
tems and of the maximum luminosity attainable in stellar evolution. 
Suggestions relative to the extent and arrangement of the galactic 
system and to the sun’s position therein will be a natural outcome 
of the work. 

2. From parallactic motions the mean absolute magnitude of 
eleven isolated Cepheid variable stars has been derived with a 
relatively small computed probable error (sec. II). The luminosi- 
ties of the individual stars are shown to be uniquely defined by 
their periods. 

3. An extension of these results gives a relation (Fig. 1) con- 
necting the periods of both the ordinary Cepheids and the cluster- 
type variables with their absolute magnitudes, which permits the 
derivation of the distances of all such variable stars as soon as their 
periods and apparent magnitudes are measured; and when we 
adopt the plausible hypothesis that Cepheids of a given period are 
comparable wherever found, the relation also yields the parallax 
of any cluster containing Cepheid variables. Data for more than 
200 individual variables from seven different stellar systems con- 
tribute to the determination of the luminosity-period relation. 
Fainter than a definitely fixed luminosity Cepheid variation prob- 
ably never occurs. 

4. Further investigation makes the derivation of cluster 
parallaxes practically independent of variable stars by substituting 
the apparent magnitudes of the brightest stars as the criteria of 
distance (sec. V). Stars brighter than the absolute photographic 
magnitude —2 are exceedingly rare in clusters. 

5. Angular diameters are next employed in extending the work, 
until finally for all globular clusters in both hemispheres values of 
the parallax become possible. The distances are derived and con- 
sidered statistically in the next paper of this series. 


Mount WItson SOLAR OBSERVATORY 
November 1917 
































THE ABSORPTION OF NEAR INFRA-RED RADIATION 
BY WATER-VAPOR 


By W. W. SLEATOR 
I. INTRODUCTION 


The study of the absorption of radiation in the atmosphere was 
begun by Langley,’ whose bolographs, or maps of the sun’s spectrum, 
show wide bands attributed by him to water-vapor. Paschen,? 
in work on the emission of radiation by gases, has investigated as 
well the absorption occurring in steam, and records in particular 
the effect of changes in temperature upon the wave-lengths of the 
radiation absorbed. His work has been extended by Eva von 
Bahr,? who has shown that the doublet between wave-lengths 5 
and 7 wis in reality very complex and contains about forty separate 
absorption bands arranged with some appearance of symmetry on 
either side of the wave-length 6.26 y. 

The combination principle suggested by Bjerrum, in connection 
with his application to the case of molecular rotation of the quan- 
tum theory, is a fruitful hypothesis in the explanation of near infra- 
red absorption. Bjerrum’s ideas have in fact been applied by 
Eucken’ to the system of water bands presented in the work of 
Eva von Bahr, and that system seems to be accounted for in terms 
of two series of rotation-frequencies corresponding to two principal 
moments of inertia in the water molecule. More recent work by 
Rubens and Hettner® shows some evidence for the presence in the 
farther infra-red of a third series of rotation-frequencies. The 

* Researches on Solar Heat (Professional Papers of the Signal Service, No. 15, 
United States War Department). 

2 Annalen der Physik, 51, 4, 1804; 52, 210, 1894; 53, 234, 1804. 

3 Phil. Mag., 28, 71, 1914; Verhandlungen der deutschen Physikalischen Gesellschaft, 
15, 731, 1913. 

4 Nernst Festschrift, p. 90. 

5 Verhandlungen der deutschen Physikalischen Gesellschaft, 15, 1159, 1913; Phil. 
Mag., 28, 71, 1914. 

6 Chemical Abstracts, 11, 1357, 1917; Science Abstracts, No. 234, p. 223, June 1917. 
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question of molecular structure is now intimately connected with 
the investigation of radiation, as is shown by further work of 
Bjerrum,’ and important tests of the quantum hypothesis await 
experimental advances in the same field.’ 

The present paper gives an account of work undertaken to 
extend our knowledge of atmospheric absorption. It concerns par- 
ticularly the region of the spectrum between the wave-lengths 1 . 3 
and 3m and presents a detailed study of the absorption regions 
marked VW, 2, and X on Langley’s charts. 


II. APPARATUS 


The work of Eva von Bahr was done with a prism spectrometer 
and radiomicrometer. In the work recounted here a higher dis- 
persion was secured by the use of gratings, and the uncertainty of 
wave-lengths determined with the aid of a dispersion-curve was at 
the same time avoided. The troublesome overlapping of grating 
spectra has been eliminated by the use of a supplementary prism. 
The general arrangement is shown in Fig. 1. The apparatus takes 
the form of two spectrometers, each with fixed arm and single 
mirror.2 By a proper setting of the prism a definite and limited 
portion of the spectrum is presented to the grating spectrometer. 
The prism serves in fact as an effective screen or filter. 

A linear thermopile, incased at T in Fig. 1, and a galvanometer 
of the Paschen type constituted the detecting system. The ballistic 
deflections of the galvanometer observed on opening or closing the 
shutter at O serve to map out the spectrum of the Nernst glower 
used as the source of energy. The construction of the galvanome- 
ter was the first work done on the present problem. 

The entire path of the light, shown in Fig. 1 by the dotted lines, 
is inclosed in a black box of double cardboard. It is of course not 
possible to make such a box tight, nor to get the air in it absolutely 
dry. In the section around the glower, however, the air could be 
saturated. Also energy-curves were plotted from data secured on 
winter nights, when cold air from out of doors was pumped through 

* Verhandlungen der deutschen Physikalischen Gesellschaft, 16, 737, 1914. 

2 Ibid., 16, 614, 1914; 15, 1159, 1913. 

3 Annalen der Physik, 33, 739, 1910. 
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sulphuric acid and phosphorus pentoxide into the cases. Sufficient 
difference appeared between the depths of the bands to enable us 
to attribute the absorption to water-vapor. 





Fic. 1.—The spectrometer, scale 1 to 5 


L, Nernst glower; S:, S2, slits; Mi, 1ocm mirror, f=20cm; P, salt prism; 
M., M;, tocm mirrors, f=50cm; M,, A, B, plane mirrors; G, grating; C, case for 
T, the thermopile; W, window in box £; O, shutter. The path of the light is 
LM,S:AM,PM,PM,S.:M,GM;BT. A spectrum appears at S,. P and M, rotate 
together about K, so that any region of the spectrum may be isolated for the grating, 
and the overlapping of spectra is avoided. 
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In the region of the spectrum near the wave-length 2.6 4 some 
work has been done with steam. The absorption took place in a 
chamber 15 cm long, which was kept hot by resistance coils, and 
could be swung into or out of the beam of light. The glass ends of 
the chamber were compensated for by two pieces cut from the same 





Fic. 2.—The spectrometer constant « in the equation \=<« sin @ 


AB is the grating space, g. Light from S, is sent to T. 7, S., and M;, the 
mirror, are fixed, and rotation of the grating leaves ¢ unchanged. The wave-length 
at T is determined by the relation n»A=DB+BJ 

=gsin (a+¢) +g sina 
=2g sin (a+4¢) cos $¢ 
= 2g cos $¢ sin 9 
=« sin 0 
6=4} (R,—R.), R: and R, being circle readings on the two spectra of one order. 
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sheet of glass, through which the radiation passed when the steam 
chamber was drawn aside. 

Three gratings have been employed in the course of the work. 
The smallest has a ruled surface 5 cm wide and about 2400 lines to 
the inch, and is referred to as the brass grating. The other: two 
have effective surfaces 12.2 cm wide, are ruled on speculum metal, 
and are referred to as the 7500-line grating and the 15,000-line 
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Fic. 3.—Energy-curves, region of 1.34. The slit corresponds to 33 A in B and 
15 AinC. 


grating, the figures giving the number of lines per inch. In Figs. 3, 
4, 5, and 6 the letters A, B, and C refer respectively to these grat- 
ings. They are mounted on the table of a Schmidt and Haensch 
spectrometer whose circle may be read to ten seconds. 

Fig. 2 serves to illustrate the meaning and derivation of the 
equation 

A=x« sin 8, 

used in computing wave-lengths from data secured with the fixed- 
arm spectrometer. To obtain the wave-length interval included at 
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one time in the slit of the thermopile, one considers first the resolv- 
ing power of the grating. If the source S, were very narrow, the 
width of the central bright band in the diffraction pattern produced 
by monochromatic light would be given by 


Ob cos 6 9°? 


where 6 is the width of the grating in mm, @ the angle by which the 
grating is turned from the normal, and 500 the focal length of the 
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Fic. 4.—Energy-curves, region of 1.84. The slit corresponds to 33 A in B and 
14 AinC. 


mirrorinmm. For the 15,000-line grating w is 0.03 mm at 2.6 yn, 
and for the brass gratingo.14mmat6y. Theslit S, is} mm wide, 
and its image in the plane of the slit of the thermopile is in the first 
case about o.52 mm and in the second about 0.57 mm wide. With 
the slits now in use no great improvement in the purity of the spec- 
trum can be attained by enlarging the grating. 

The range of spectrum included in the slit is taken as the interval 
in wave-lengths between two beams whose centers are } mm apart 
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in the plane of the thermopile. That slit does not take in the total 
energy even of a single wave-length, but does receive about three- 
fourths of the energy in the interval named. This interval corre- 


isa Sel : ; 1/2 : 
sponds to a variation in @ (in Fig. 2) of a or ©.oo1 radian. 


Taking the equation for wave-length as 
é A= 2g cos $/2 sin (a+¢/2), 


and considering that ¢/2 is found by measurement to be 1° 16’, we 
have by differentiation the approximation 

d\=K cos 6d0 
=K cos 6 sa ; 
2 
This expression gives the values set down with the figures, which 
are a little too large. In order to throw a single beam from one 
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Fic, 6.—Energy-curve, part of the region of 64. The slit corresponds to 100 A 


side of the slit of the thermopile to the other, @ must be 
changed by a or 0.001 radian, as above, and this demands a change 


in a of 0.0005 radian and a corresponding motion of the grating. 
©.0005 radian is 1/7, and the spectrum interval may be checked 
by noting the value of 1/7 in units of wave-length along an energy- 
curve. At 2.6uthe 15,000-line grating gives this interval as 10.4 A. 

The green line of the spectrum of mercury (A= 5460.74 A, Kaye 
and Laby’s tables) was used for visual calibration, the bright line 
and the slit of the thermopile being viewed objectively. In the case 
of the brass grating no visible lines could be observed, but the actual 
grating-space was known, and 


K=2g cos }¢ 


was computed from data obtained from measurement. 




















INFRA-RED ABSORPTION BY WATER-VAPOR 133 


III. THE CURVES 


Figs. 3, 4, 5, and 6 present a summary of the experimental 
work. Except in Fig. 6 each energy-curve is one of three secured, 
for two of them the air being saturated and for one dried. The 
bands are numbered arbitrarily for reference to the tables. ‘The 
letters A, B, and C refer respectively to the brass, the 7500-line, 
and the 15,000-line grating. In Fig. 7, as well as in the others, 
the distance b denotes 1° on the circle and s shows the relative size 
of the thermopile slit. 

Fig. 7 represents part of the region at 2.6 w as mapped with 
the 7500-line grating. The upper curve (lettered D) does not show 
the galvanometer deflections but gives the percentage of incident 
energy transmitted by steam. The effect of drying the air appears 
also in this figure, in curve E, and it will be noted that the curve for 
steam accentuates the peculiarities of F, the ‘‘air-saturated’’ curve, 
peculiarities which the curve secured with dried air decidedly 
obscures. It seems that the temperature of the absorbing vapor 
has no effect on the position of an individual band. According to 
Paschen’s work, already cited, we conclude that the relative inten- 
sities of the bands must change, so that those that are deepest at 
one temperature are not deepest at another. But the present work 
cannot confirm nor deny this effect. The effect on the absorption 
of drying the air, shown in Fig. 7, was found even more definitely 
with the finer grating, at 1.3 and 1.8, as well as at 2.6. All the 
deeper bands are less marked when the air is dry. This does not 
appear so clearly with the shallow bands, but it may be that in the 
“‘air-saturated”’ curves the presence of weak bands is mask2d by 
their more prominent neighbors. It is upon such evidence as 
appears in Fig. 7 that we ascribe the absorption to water-vapor. 

With the 7500-line grating the intervals of the spectrum between 
the absorption bands at 1.3 and 1.8 w, and between those at 1.8 
and 2.6 yw, were carefully explored and were found to present no 
evidence of atmospheric absorption. 

In Figs. 3 and 5 the upper curves are decidedly similar. This 
similarity suggests that one of these absorption regions may be a 
harmonic of the other in the sense suggested by Kemble.t However, 

* Physical Review, 8, 689, 1916. 
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a frequency half that corresponding to band No. 2 in Fig. 3 
corresponds nearly to band No. 11 in Fig. 5 rather than to band 
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Fic. 7.—Part of the region of 2.6 u, 7500-line grating. D gives the percentage 
of energy transmitted by steam at 110 to 120° C. and 1 atmosphere pressure. E is 
an energy-curve with the air partly dried, F an energy-curve with the air saturated at 
about 35° C. 


No. 8, and the same lack of agreement appears in the lower curves. 
Evidently the simple idea of harmonics does not apply. 
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A comparison of the energy-curves in Fig. 5, secured respec- 
tively with the 7500- and 15,000-line gratings, shows how the 
increased dispersion adds to our knowledge of the absorption. 
Bands No. 8 and No. g in the lower curve, for example, appear in 
the middle one as No. 5, a connection indicated in typical cases by 
the dotted lines, and appearing more definitely in the tables. These 
curves must be considered in any numerical computations made 
with absorption frequencies, for in the curves appear the individu- 
alities of the bands, which cannot well be expressed in numbers. 
In all cases the grating was turned 1’ for each new setting. At 6 
and at 2.6 uw six deflections were taken at each minute, and at 1.3 
and 1.8yfour. The computations are based on curves which, for 
the region at 2.6 uw, are about six feet long. 


IV. THE TABLES 


On pages 137 to 142 are set forth the wave-lengths and frequen- 
cies of the bands, which are denoted by the numbers given with the 
curves. Corresponding wave-lengths appear opposite each other. 
The gratings have been calibrated independently, the values given 
have been calculated from independent curves, and the agreement 
between opposite numbers is in general satisfactory. In cannec- 
tion with the region of 6 u is set forth some evidence of the symme- 
try demanded by Eucken’s explanation, but unfortunately the work 
was not carried far enough to give this evidence much value. Some 
idea of the accuracy of the determinations of \ and N might be 
obtained by estimating the effects of various sources of error. But 
first one may consider the different values secured for the same 
quantity from the three corresponding curves. The “typical com- 
putations of \ and V”’ show these numbers for certain bands in the 
region at 2.6 w—bands taken quite at random. Considering the 
uncertainty in the value of K we should perhaps affect the wave- 
length by the probable error of 2 A. Errors in the circle of the 
spectrometer are probably negligible, especially since the calibra- 
tion involved the same sections of the circle as were employed in the 
measurements. At 6 uw, where we have only one curve, obtained 
under less favorable circumstances, we should perhaps write the 
wave-lengths with an error +20 A. A question mark in the tables 
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TYPICAL DATA 


The settings of the grating circle, and corresponding deflections of the galva- 
nometer. 

2 A.M., March 22, 1917. Grating temperature, 27°. Period of galvanometer, 
6 secs.; E.M.F. applied to glower, 238 volts. 









































Circle Deflections in mm | Circle Deflections in mm 
NET Oc ca> 28-9- 9-8-9-90= 28.7 || 120° 58’..... | 18- g- 8-9-9-9=18.7 
ery 26-7— 7-6-7-6=26.5 || ee I9-20- 0-0-0-0= 19.8 
Pe 23-2- 1-2-2-2=22.0 || eee | 16- 7—- 8-8-8-7=17.3 
Pea tase 12-5— 6-6-4-5=14.7 || i | Q-1I-10-I-0-1 = 10.3 
Se II-2- 3-2-3-I=12.0 || oe | IO- O- I-O-I-I1=10.5 
rg 10-2- 2-I-2-2=11.5 || BES 18-22-— 0-I-0-1 = 20.3 
eee 15-8- 7-7-8-7 =17.0 Pree | 24- 6- 5-5-0-5=25.2 
rs Maio s 17-6-— 6-7-6-7=16.5 ae | 27- 7- 6-7-7-7= 26.8 
Seip e 9-8-10-9-9-8= 8.8 Sees: | 8- 6-7-6-8 = 27.0 
“wprere 5-5- 4-5-5-6= 5.0 || Pe eee | 25- 7- 6-8-6-7= 26.5 
a See 6-6- 5-6-6-6= 5.8 |, ibs 23- 6- 4-6-4-6=24.8 
| i fewer 14-3- 4-3-4-3=13.5 || ARETE | 22- 3- 1-4-2-3= 22.5 
TYPICAL COMPUTATIONS OF WAVE-LENGTH AND FREQUENCY 
REGION OF 2.64 
Band No. Curve No. | A Mean A N Mean NV 
I 26063 .4 26066.2 | 383.69 | 383.64 
Os ise ibac't 2 26068 .8 | 383.60 
3 26066 . 5 | 383.63 
I 26162.7 26161 .6 382.22 382.24 
Ps ee sean 2 26161 .7 | 382.25 
3 26160.4 382. 26 
I 26321.3 26325.5 379.92 379.86 
, SCP ee 2 26330.0 | 379.79 
3 26325 .3 | 379.86 
I 26543.7 26546.4 | 376.74 376.70 | 
m 1’ 26546.9 | 376.70 
3 ee ee wee 2 26549 .3 | 376.66 
3 26545.7 376.71 
I 26587 .4 26589.8 376.12 376.08 
32 1 26589. 5 | 376.09 
aw pied ‘ 26590.9 376.07 
3 26591 .4 376.06 
he 
I 26608 . 7 26609 .9 375.82 375.80 : 
“"d 26610.9 375-79 
Opies ener: 2 26610. 2 375.80 
3 26909 . 7 | 375.80 

















at 























INFRA-RED ABSORPTION BY WATER-VAPOR 


denotes not a doubtful band but a doubtful correspondence. 
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The 


second column in the tables for the region at 2.6 uw gives the rela- 
tive depths of the bands as an indication of their importance in 
other infra-red work. A band numbered 1 seems to represent an 
absorption of less than 10 per cent, while 5 shows that perhaps 
80 per cent of the incident energy is absorbed. 


WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS 
OF WATER-VAPOR IN THE NEAR INFRA-RED SPECTRUM 


REGION OF 1.384 











15,000-LINE GRATING 


7500-LINE GRATING 


























a= ce 
Band No Wave-Length A | prose hg Band No. Wave-Length A a 
I. 13545 738.3 
ES. 13614 tks F 
; I 13020 734 
a Gh os Sam 13643 733.0 
ia deere kine 13678 731.1 
eS 13710 729.4 
hs esis00 = 13820 723.6 2 13820 723.5 
| Ee es 13876 | 720.7 
a aoe 13922 718.3 
Me, i stam | 13054 716.7 | 3 13950 | 717 
} | 
i Sisco ans 14000 714.3 4 14010 | 714 
II. 14046 712.0 
5 14060 | 711 
ee ere 14092 709.7 
Pe EI 14140 707. 2] | 
i 6 14170 | 706 
OE. i Wengen ds 14186 704.9 | 
7 14240 _ 702 
ae 
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WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS | 
OF WATER-VAPOR IN THE NEAR INFRA-RED SPECTRUM—Continued 


REGION OF 1.874 











15,000-LINE GRATING 7500-LINE GRATING 
pas OGRA gears 
Band No. | Wave-LengthA ——_ Band No. Wave-Length A pes h 
ERS | 18110 552.2 | 
Beat taacees 18152 550.9 
Oss 43 anes 18202 540.4 I 18210 549.1 
eas 18263 547.6) 
2 18287 540.8 
TR ae ae 18306 5460.3 
eects « 18363 544.6 
3 18398 543.6 
Pde Fee 18414 543-1) l 
ee ee 18471 541.4 4 18467 541.5 
eee 18534 539-6 5 18530 539-7 
| ee 18564 538.7 
ar 18595 537.8 6 18590 537-9 
Sa eee 18641 530.4 
ae cee Fe ks 18676 535-5) 
esa gente eee 18705 534.6) 7 18704 534.6 
| ATEN es, 18729 533-9) 
Ste eiin vows 18765 532.9 
De insipid x-so0'e' 18806 531.8 
|e ae 18836 530.9 8 18836 530.9 
ee ee 18862 530. 2) 
GEG soko 18897 529.2 
9 18912 528.8 
"Petree 18926 528.4) 
Wis pate 18968 527.2 
Rae 18995 526.5 10 18987 | 526.7 
ONT SRO 19022 525.7] 
{ II 19038 §25.3 
ghee er eae 19054 524.8 
Dg Nee eee 19106 523-4) 
WF ecnteces peas 19133 522.7/ sin 19126 is 
ae 19157 522.0) 
Re 19199 520.9 13 19195 521.0 
TD ae 19234 519.9 ?14 19264 519.1 
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WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS 
OF WATER-VAPOR IN THE NEAR INFRA-RED SPECTRUM—Continued 


REGION OF 2.64 








15,000-LINE GRATING 


| 


permm | 


7500-LINE GRATING 


l Ray. ; 
Relative | Wave- | Wave No.| Band 


Intensity Length A No. 








Wave- 
Length A 





Wave No. 


per mm 


Band 
No. 


Hitcer Brass GRATING 





Wave- 


Length A 


Wave No. 


per mm 





@®N NNN WN HH 


Www 


Nw vw 


n 


Own HSUEH W DDH NW ND 


AaAwunn nw wv 


nw w oo 








25235 
25262 


25311 | 305. 


25352 
25425 
25469 
25520 
25608 


25636 
25688 
25727 


25760 
25803 
25830 
25864 
25880 


25940 


26008 
26046 
26066 
26090 
26123 
26161 
26196 
26256 
262905 
26325 
26385 
26411 
26448 
26515 


26547 
26590 
26610 
26645 
26661 
26696 
26720 
26760 


26783 
26827 


26853 
26880 








396 


395 


394 


393 - 


392 
391 
39° 


390. 
389. 
388. 


388. 
387. 
387. 


386 


386. 


385 


384. 
383. 
383. 
383. 
382. 
382. 
381. 
380. 
380. 
379. 
379. 


378 


378. 
377. 


376. 
376. 
375- 
375. 
375- 
374. 
374- 
373. 


373- 
372. 
372. 


372 


28 
85 
o9 
45 
3t 
63 | 


.85 


5° 


08 
29- 
70| 


20) | 
55 
15 
64 
40 


It 


I2 


13 


14 


15 


16 


17 











25347 
25432 
25481 


25517 
25623 


25696 


25747 
| 25837 
| 25041 


| 26044 


| 26168 


26300 


26445 
26528 


| 26663 


26765 


26837 





394. 
393. 
392. 
391. 
390. 
380. 


388. 


387. 


385 


383. 


382. 


380. 


378. 
.96 


376 


375 


373° 


372. 


52 
2I 


45 


27 
17 
39 


04 


.49 


97 


15 


23 


14 


od 


62) 


62 





?r 
?2 


23 





24850 
25040 


25490 


25760 


25920 


26080 


26280 


26730 





402.2 
399.4 


392.3 


388.2 


385.8 


383.4 


380.5 


374-1 
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WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS 
































15,000-LINE GRATING 7500-LINE GRATING Hitcer Brass GRATING 
Band No Relative | Wave- | Wave No. | Band | Wave- | Wave No. | Band Wave- |WaveNo. " 
*““: \Intensity |Length A| per mm No. |Length A| per mm No. (|Length A) per mm 
a 4 26930 | 371.33 | 18 | 26936 | 371.25 
See I 26974 | 370.73 
a y% 3 27006 | 370.29) 19 27002 | 370.34 
OT ee I 27044 | 369. 77, | | 
CS ee 4 27084 369. 22|| 
?| 20 27093 | 369.10 
7 Tees 4 27103 | 368.96) | 
hs 650° 3 27168 | 368.08 
Risin 5 27198 | 367.67 21 | 27193 | 367.74 9 27180 | 367.9 
_. ae 5 27236 | 367.15 } 
| AS I 27278 | 366.60 | 
io, I 27294 | 366.38 | | | 
ae I 27314 | 366.11 | | 
55-+--- 3 | 27340 | 365.76, | | 
iit as, Le 27386 | 365.15) | 
>} 22 | 27395 | 365.03 | 
Sy... 5 27407 | 364.87)| | 
laa | 2 27445 | 364.37 | 10 | 27430 | 364.6 
99... 2 | 27479 | 363.91 | | | 
_ SRS 2 27511 | 363.49 | 
SE 5 27545 | 363.04 | 23 27544 | 363.06 | 
| eee 4 27614 | 362.14 | 
_ Fae 3 27625 | 361.99 | 24 27623 | 362.02 11 27620 | 362.0 
See es ae 37655 | 361.60 | 
ee 3 27668 | 361.43 | 
66..... ty 27700 | 361.01 
SESS 3 27712 | 360.85 
ere 2 27765 | 360.17) 
Se 2 27777 | 360.01)| 25 | 27784 | 359.92 
7. ..... 2 27803 | 359.67) | 
a a's ag 27819 | 359.47 
_» ee ‘Gate 27867 | 358.85 | 26 27866 | 358.86 
. Bae M$ 27926 | 358.09 
ae ay 27947 | 357.82 | | 
75--++-- I 27972 | 357-59 | 
ae 4 28029 | 356.77 | 27 28031 | 356.75 12 28030 | 356.8 
He 2 28077 | 356.16 | 
Py I 28103 | 355.83 | 
, Sa 2 28140 | 355.37 | 
ee 3 28197 | 354.65 | 28 28198 | 354.64 
ras 5 2 28267 | 353.77_| 
| Ree 2 28336 | 352.91) | 
i 29 | 28348 | 352.76 | 13 | 28350 | 352.7 
 eees® 2 28373 | 352.45) | 
AL 2 28485 | 351.06 | 
_. PPE 2 28538 | 350.41 | 30 28540 | 350.38 14 28540 | 350.4 
eee I 28590 | 340.77 
rer I 28658 | 348.94 | 
| 31 | 28710 | 348.31 
| 15 | 28990 | 344.0 
| 16 29210 | 342.4 
17 29750 | 336.1 
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PART OF THE REGION OF 64 


Hilger brass grating 


I4I 


WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS 
OF WATER-VAPOR IN THE NEAR INFRA-RED SPECTRUM—Continued 























| 

Band No, | Were jeusth| Wore Mes | Bicmane Sines tors Dieses 

Di czeaves 50220 | 199.1 39.5 

Giascs den 50850 196.7 37-1 

eee 2 51110 | 195.7 36.1 

Reese ton 514900 | 1094.2 34.6 

Ne 51720 | 193.4 33.8 

PES. fee 52040 | 192.2 32.6 

~ Eee a | 30.5 

AES ere 52800 | 189.4 29.8 

eA ae 52960 188.8 29.2 

ekees ys 53090 188.4 28.8 

RF ete re 53520 | 186.8 27.2 

eS 54240 | 184.4 24.8 

are ae 54470 | 183.6 24.0 

Rite Seis 6 82. , 

me een Be at.4 

OF bch e 55570 | 179.9 20.3 

oe ond Siaes | 55810 | 179.2 19.6 

| ones 56170 | 178.0 18.4 

isles. wre 50430 | ares Sp 

Die asay cocets 5 176.1 16.5 

Sr es. 56920 | = =175-7 16.1 

18. ee 57179 | «174.9 15.3 

ec $7470 | 174.0 2 

ray a 57 173.4 13. 

A ROR N | 58240 s9%.7 12.1 12.2 
Oa evous 58640 170.5 10.9 10.8 
OR cas: ax | 58830 | 170.0 10.4 

has ahs on | 58950 | 169.6 10.0 9.9 
22-6... eee | §9380 | —é 8.8 8.8 
Er 59720 | 167.5 7.9 7.9 
de ick cis 59880 | 167.0 7.4 7.4 
SOT eee 60160 | 166.2 6.6 6.4 
25 “a ep ro | =? ‘.7 5.6 
SPibiie iad 720 | 164.9 5.1 

Ee Pee 61140 163.6 4.0 3-9 
Sekt etee 61440 162.8 3.2 3:3 
Sita ia. no0-0% 5 61620 | 162.3 3:9 2.7 
re eree 61880 | 161.6 2.0 2.0 
BOs iredas 62160 | 160.9 
Ss ath iki 62420 | 160.2 
Ie oie 5 ga 62720 | 150.4 
ye eet 62890 |. 1509.0 
TEE SE 63440 157.6 2.0 
* 63740 156.9 a: 
i igs sia 63930 156.4 3.3 
Sets 64180 155.8 3.8 
Dive geet 64530 155.0 4.6 
ae 64950 154.0 5.6 
Sie hk cet 65200 153.4 6.2 
8S eae 65510 152.6 7.0 
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WAVE-LENGTHS AND WAVE-NUMBERS OF THE ABSORPTION BANDS 
OF WATER-VAPOR IN THE NEAR INFRA-RED SPECTRUM—Contlinued 


PART OF THE REGION OF 6 u—Concluded 


Hilger brass grating 














em Or ee | ee eee 
Eres a" 65730 152.1 7.4 
ae intakes 65940 151.7 7.9 
Aaa 66340 150.7 8.9 
SPR re 66810 149.7 9.9 
By ones aim 67160 148.9 10.7 
Bicacs oon 67520 148.1 11.5 
Mica ieee 67920 147.2 12.4 
Mat sie sa 68280 146.5 13.1 











V. 


QUESTIONS OF INTERPRETATION 





In addition to her work with water-vapor mentioned above, 
Eva von Bahr" has studied the absorption of HCl in the neighbor- 
hood of 3.5 4. The combination principle, with the quantum dis- 
tribution of rotation-frequencies, has been applied by Bjerrum? to 
set forth reasons for the presence of these absorption bands of HCl 
and to calculate directly the size of energy quanta. However, the 
chaotic arrangement of water bands in the region of 2.6 yu, as they 
appear in Fig. 5, does not appear to satisfy the demands of these 
hypotheses, though the region has in a general way a center and a 
rough appearance of symmetry. Since this work was completed 
Mr. E. H. Imes has mapped the absorption of HC] at 3.5 u with the 
apparatus here described, using an interval of about 30 A in the 
slit of the thermopile. The wave-lengths are precisely determined 
by the grating, and a parabolic shift of the vibration-frequency with 
increasing rotation-frequency is very definitely displayed. Work 
on HCl showing this effect has been published by Kemble and 
Brinsmade,? though that done here was completed before their 
work appeared. The curve of Fig. 5 does show a crowding together 
of bands in the nearer end, which our experience with HC] would 
lead us at least to consider possible. But the uncertainty, due to 

* Verhandlungen der deutschen Physikalischen Gesellschaft, 15, 1150, 1913. 

2 Tbid., 16, 614, 1914. 

3 Proceedings of the National Academy of Sciences, 3, 420, 1917. 
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the general complexity of the curve, as to which band should be 
associated with any other to make a pair, and about the location 
of the vibration center for no rotation, has so far deferred our 
explanation. The third rotation series mentioned in connection 
with the work of Rubens and Hettner may perhaps be appealed to 
as a probable cause of the complexity both at 2.6 and 6 yu. 

The appearance of the curves, particularly of Fig. 5, suggests 
that useful knowledge may be still further advanced by an increase 
in dispersion. In the case of the 2.6 uw region, however, neither a 
finer nor a larger grating would serve this purpose; but a source of 
greater energy, or a more sensitive detector, would enable us to use 
narrower slits. We hope to profit by the use of a tungsten ribbon 
lamp in place of the glower. We may be able to build another more 
sensitive galvanometer. | 

It should be pointed out that the selective atmospheric absorp- 
tion near 2.6 and 6 w may account for the unexpected weakness or 
even the non-appearance of bright lines predicted by the laws of 
series in the spectra of elements. 

It is hoped to employ the apparatus in the further study of 
absorption, and it may be that the behavior of carbon dioxide will 
help to explain that of water-vapor. The work here described was 
undertaken at the suggestion of Professor H. M. Randall, to whom 
the author makes grateful acknowledgment of his indebtedness. 


UNIVERSITY OF MICHIGAN, PHysics LABORATORY 
September 25, 1917 














MINOR CONTRIBUTIONS AND NOTES 


A HELIUM STAR WITH LARGE PARALLAX, RADIAL 
VELOCITY (AND PROPER MOTION ?) 


Among the stars included in my program for parallax with the 
meridian circle and afterward selected for photographic determina- 
tion of parallax was the star Boss P.G.C. 1517=A.G.C. 7234= 
72 G Columbae, a=65o™37*, 6= —32° 10’ 12”” (1900), Harvard 
Mag. 5.6. This star, of type B, was observed at Professor Kap- 
teyn’s suggestion, who suspected a parallax of about +071, un- 
usually large for this type. 

The results obtained from the photographic determination are: 


1 = +07069 +0 .006 
Ma = +07 235 =0%0185 


The parallax agrees very well with Professor Kapteyn’s supposition. 
The proper motion in a, however, has come out much larger than 
that given in the Boss P.G.C., which was —o%ooor. 

Mr. R. E. Wilson, of the D. O. Mills Observatory, was good 
enough to determine the star’s radial velocity, which he found from 
three plates to be +102 km (that is, +83 km corrected for solar 
motion with a= 270°, 6= +32°, V.=+19km). He remarked that 
the 6 lines measured were fairly broad, but that the radial velocity 
will not be more than 5 kminerror. The radial velocity is a large 
one for a B-type star, so that the star must have a considerable 
space motion, though the transverse proper motion is still very 
uncertain. 

The broad lines may indicate that it is a double star showing 
the lines of both components. 

J. Votte 


FRANSCHHACK, SOUTH AFRICA 
May 20, 1918 





